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PHYSICAL REVIEW 


PREPARATION OF PRELIMINARY ABSTRACTS 


An article will not be accepted for publication in THe Puysicat Review 
unless the manuscript is accompanied by an adequate abstract for publica- 
tion at the beginning of the article. This abstract is intended to aid the 
reader by furnishing an index and a brief summary of the contents of the 
article. Besides serving these purposes it should also be suitable for repro- 
duction in abstract journals so as to make it unnecessary for the editors 
of these journals to have another abstract prepared. 

As an index it should be complete; all the subjects, major and minor, con- 
cerning which new information is presented, should each be given, with 
sufficient precision so that any reader can tell from the abstract whether the 
article contains anything of interest to him. The subject indexes of abstract 
journals are fundamental in reference work. These indexes are prepared 
exclusively from the abstracts and whatever is omitted from the abstracts 
cannot be included in the index and may thus be lost. The writer of an ab- 
stract should therefore feel himself under an important obligation to his scien- 
tific colleagues to make sure that the abstract is accurate and complete, at 
least as an index. 


As a summary the abstract should give briefly the conclusions of the article 
important advances in experimental technique and theory, and all numerical 
results of general interest that may be conveniently given including all that 
might belong in a hand book and table of contents. It should give all the 
information that readers who are not specialists in the particular field involved 
might desire to know about the article thus saving them the time and trouble 
in referring to the article itself. Experience has shown that in general the 
length of the abstract should be from four to eight percent of the length 
of the article. 


Tue Puysicat Review 1923-1925 contains many examples of adequate ab- 
stracts. Most of these contain paragraph titles and subtitles which indicate 
the subjects concerning which new information is given and it is required that 
authors include such subtitles when all the information contained in the article 
does not refer to the subject indicated by the title of the article Such sub- 
titles may be frequently avoided by rewording the title so as to make it more 
precise. 
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ABSTRACT 


The primary purpose of this article is to obtain from the general relativity form 
of the energy-momentum principle certain new consequences which are needed for 
later work that the author has in mind. In addition, it is the intention to give at the 
same time a somewhat comprehensive and coherent treat ment of the principle and its 
consequences, which it is hoped will increase the confidence and facility of physicists 
in the use of this important part of the general theory of relativity. In carrying out 
the investigation, it has seemed desirable for English readers, to take Eddington's 
“Mathematical Theory of Relativity” as a starting point, and this has incidentally 
led to a new form of deduction for certain consequences of the energy-momentum 
principle that were already known. 

After presenting the energy-momentum principle in the form discovered by 
Einstein and showing its application to the case of the conservation of energy in an 
isolated system, an important expression is derived which gives the total densities of 
energy and momentum in the form of a divergence. This expression is equivalent to 
one previously obtained by Einstein but on account of the starting point adopted is 
derived and expressed in terms of the quantities g”” and g” instead of the g*” and 
ge. Following this, the limiting values at large distances from an isolated material 
system are obtained for the quantities ga@/agy® and g**af/ag}*. These values, 
which have considerable use, have not previously received explicit expression. This is 
followed by a deduction from our present starting point of Einstein’s famous relation 
U =m between the energy and gravitational producing mass of an isolated system. 
An important expression is then obtained which gives the energy of a quasi-static 
isolated system in the form of an integral which has to be extended only over the 
portion of space actually occupied by matter or radiation. This expression has not 
previously received a satisfactory derivation. The result is used to obtain an expres- 
sion for the energy of a spherical distribution of a perfect fluid, and it is then shown 
that this expression, in the case of a sphere of ordinary material, approaches in a 
sufficiently weak field to the classical expression for energy including the potential 
gravitational energy. This result is not only intrinsically useful, but also shows for a 
particular case that a higher order of approximation to the general relativity value 
for total energy is obtained by including the classical gravitational energy than by 
going at once to flat space-time as is often done. Finally, a general consideration is 
given to the problem of determining the conditions imposed on those changes from 
one static state to another which could occur in a non-isolated system forming part 
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of a larger static system, without changing the distribution of matter and radiation 
outside the boundary and without contravening the energy-momentum. principle as 
applied to the system as a whole. 


$1. INTRODUCTION 


N ACCORDANCE with Einstein’s development of the general theory of 

relativity, the relativity analogues of the classica] principles of the con- 
servation of energy and momentum are to be obtained with the help of 
integration from the well-known differential equation! 


—(Ti +t’) =0 (1) 
Ox, 
where Jj, is the tensor density of material energy and momentum and t; 
is the psuedo-tensor density of potential gravitational energy and momen- 
tum. Considering x; to be the time-like coordinate, equation (1) leads to the 
three equations for the conservation of momentum with u=1, 2, 3, and leads 
to the equation for the conservation of energy with w= 4. 
Taking for illustration the latter case, multiplying the equation by 
dx, dx, dx;, and integrating over the system of interest, we obtain with some 
rearrangement of terms 


ff (Mitt )dxidxd.xs 
Ox, 
‘ . 
= fff Ee (Ti+ty a. (Z, +t >) 4. = Tt) faodadss 
ONX3 


and by performing the indicated integrations on the right hand side this can 
be rewritten in the form 


— ff fet )dxidxod x3 

Ox, 
| 1 2 ond 3 i 

=— |< +t dts Ti+t ee + +t dxjdxe (2) 
| 4 4 q 


73 


where the limits of integration are denoted by x, x’; etc. The result states 
that the rate of change with the time (x,) in the value of the integral on the 
left hand side of the equation can be calculated from the conditions prevailing 
at the boundary of the system of interest as given by the right hand side of the 
equation. The equation can thus be regarded as a statement of the energy 
principle provided we define the energy of the system by the expression 


l= ff (Ti+t)daidxed xs. (3) 


And a similar treatment for the components of momentum can be obtained 
by taking u=1, 2, 3. 


1 See for example Eddington, “The Mathematical Theory of Relativity.” Cambridge 
1923, equations (59.2) and (59.3). 
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Owing to the fact that equations (1) and (2) are not tensor equations 
and that the quantity t), is not a true tensor density, considerable doubt as 
to the validity of the above formulation of the energy principle was at one 
time expressed? and perhaps to some extent still exists.* It can be shown, 
nevertheless, that the equations have the necessary fundamental property 
of being true in all sets of coordinates, and a completely satisfactory justi- 
fication of the formulation was finally given by Einstein in 1918.4 

Since that time, however, the interest of mathematical physicists has 
been largely turned to other matters, and the methods and results of apply- 
ing the energy-momentum principle have not been particularly investigated. 
It is the purpose of the present article to consider some of these methods and 
results not only because of their intrinsic importance, but also because of 
certain further applications which the writer has in mind. 

In carrying out the investigation we shall use, as far as may be, the nota- 
tion adopted by Eddington in his “Mathematical Theory of Relativity”, 
and shall base our deductions on equations given by him. This choice of 
starting point necessitates some duplication of results which have previously 
been obtained by other methods, but seems desirable owing to the familiarity 
of English readers with Eddington’s treatise and owing to the excellence of 
the detailed and coherent treatment which he has given. 

In the immediately following section, §2, we shall first give Einstein’s 
method of applying the above energy principle to an isolated material 
system. In §3 we shall then obtain a very useful formula which expresses 
the total density of energy and momentum as an ordinary divergence; the 
formula is equivalent in import to one already obtained by Einstein but 
because of our choice of starting point differs in method of derivation and 
form of expression. Following this, in §4, we shall deduce the limiting values 
at large distances from such an isolated system of certainfunctions of the gravi- 
tational field; these values are necessary for our further work and have not 
previously received explicit expression. In §5 we shall then be able to give a 
deduction from our present basis of Einstein’s relation between the total 
energy and gravitational mass of an isolated material system. In §6 we shall 
deduce an extremely important equation expressing the total energy of an 
isolated system by an integral which has to be extended only over that por- 
tion of space which is actually occupied by matter or radiation; this equation 


2 Schroedinger, Phys. Zeits. 19, 4 (1918); Bauer, ibid. 19, 163 (1918). 

’ Thus, for example, Eddington (reference 1, pp. 135-136) objects to the fundamental 
significance of the equation @/dx,(T,+t),) =0 on the ground that t', is not a true tensor 
density, and appears to regard the introduction of the equation as an unfortunate pandering 
to an immoral desire to obtain by hook or crook some kind of conservation laws in the mechan- 
ics of general relativity. It should be remarked, however, that the appropriate criterion for the 
fundamental significance of equations should not be that they are written in tensorial form but 
that they are written in covariant form so as to be true in all sets of coordinates. All tensor 
equations are indeed covariant equations, but this does not exclude the possibility of covariant 
equations, such as the one above, which are not tensorial. To assume the contrary would be 
the fallacy of the Dormouse in Alice in Wonderland, who said:—‘“I breathe when I sleep” is 
the same thing as “I sleep when I breathe.” 

* Einstein, Berl. Ber. 1918, p. 448. 
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has not previously received a satisfactory derivation. In the following 
section, §7, we shall use this equation to obtain an expression for the total en- 
ergy of a distribution of perfect fluid having spherical symmetry. And in 
$8 we shall show that, on making the gravitational field weaker, the above 
expression approaches the classical expression for the energy of such a sphere 
including the classical value for its potential gravitational energy; the result 
is an intrinsically useful one and also shows for a particular case that a 
higher order of approximation to the general relativity value for total 
energy is obtained by including the classical gravitational energy than by 
neglecting the gravitational energy entirely as has hitherto often been done. 
Finally in §§9, 10 we shall consider the application of the general energy- 
momentum principle to changes occurring within a region which forms part 
of a larger system, and in §11 shall make some concluding remarks. 


§2. THE CONSERVATION OF ENERGY IN AN ISOLATED SYSTEM 


Let us now first consider the application of the energy principle to those 
changes which can take place within a limited system without producing any 
changes in the gravitational field outside of a sufficiently distant boundary 
located in the free space surrounding the system. Such a system will be 
called an isolated one. In this case, we can easily show that the general 
energy principle, as given by equation (2), can be interpreted as leading to 
the conservation of energy within the boundary taken. 

For the tensor density of matter and energy T, occurring in equation 
(2), we can write from the equation of definition® 

— dXq dx, 

D=V/—g gan w=/—g BauPo—— a 
where po is the proper density of matter. And since we take the boundary 
which encloses the system as located in free space the density po will there be 
zero, so that it is evident that the quantities Tj, I} and Tj, occurring on 
the right hand side of equation (2), will themselves have the value zero at the 
boundary. 

Furthermore, the pseudo-tensor density of potential energy is defined in 
terms of the Lagrangian function 2 and the cosmological constant A by the 
equation® 





(4) 


1 ap O% 
._ "2Q— ae 
> {g’f&—g }+ 





A —— 
*\/ =. (5 
ages aah) g (5) 


The quantity g%, however, is equal to zero with uv, and the symbol ai 
is a short hand for 0(g**\/ —g)/0xs and hence is equal to zero at the boun- 
dary enclosing our system, if the gravitational field at that boundary is not 
changing with the time as postulated. Hence the quantities t}, t}, and ti, 


5 See Eddington, reference 1, equation (53.1). 

6 See Eddington, reference 1, equation (59.4). The additional term in A, when the cosmo- 
logical term is not neglected, can easily be shown necessary. Compare Einstein, reference 4, 
equation (18). 
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occurring on the right hand side of equation (2), will also be zero at the 
boundary with which we have enclosed the system. 

Hence using a system of coordinates such that the limits of integration 
coincide with the boundary enclosing the system,’ it is evident that the 
terms on the right hand side of equation (2) will all of them become zero 
and the energy principle for this particular case will reduce to the conserva- 


tion of energy 
d 4 
fff Gtandrdn=0 


U= fff (Ti+th)dxidxedx3=const. 


§3. THE DENSITIES OF MOMENTUM AND ENERGY EXPRESSED AS 
DIVERGENCES 


or 


(6) 


In order to make use of this interesting result, it will now be necessary to 
make a rather lengthy digression by deducing certain useful lemmas in this 
and in the following section. In the present section we shall show the possi- 
bility of expressing the total density of momentum or energy as an ordinary 
divergence in accordance with the equation® 


&n(T +t!) ~( 4g ge? ~) 7) 
See aa age 2 age) 
7 7 








vy 


To prove this equation will bea very tiresome business, justified only by the 
importance of the result. To carry out the demonstration we shall have to 
make use of a large number of well established results which we shall now 
give. 

For the density of material energy and momentum we shall use the 
fundamental equation connecting it with the metrical properties of the field® 


—8rT" =G"—}¢°G+Ag" (8) 


where Gi, is the tensor density corresponding to the contracted Riemann- 
Christoffel tensor and A the cosomological constant. For the density of 
potential energy and momentum we shall use the equation of definition 
already given above 





a v av ’ 
16mg" = gk — gn" a +2Ag" (9) 


? With a system of coordinates chosen so that some of the limits of integration do not fall 
on the boundary, the quantities |x; +ti |xy etc. will not necessarily be zero. Compare §9. 

§ This equation is equivalent in import to equation (18) given by Einstein, Berl. Ber. 1916, 
p. 1115. It differs in form since we are regarding ¥ as a function of the g”” and ay” instead of 
as a function of the g”” and gh’. 

® See Eddington, reference 1, equation (54.71). 
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where the Lagrangian function { is defined in terms of the Christoffel sym- 
bols by the equation'® 


f=, =2 e°*( far,e} fe,7} — 108.7} Lee). (10) 


In accordance with this definition it is possible to show that % can also be 
expressed as a function of the quantities 


: 0 , 
gee = gy — 9 and tae (gy —g) (11) 


By 


and will then have the differential coefficients" 





a 
Ma —( tors} 7} = f08,7} fre.) (12) 
q* 
and!? 
ag 1 1 
— = —a8,7} + —g7{Be,e} +—g7{ac,e} (13) 
ages siietiy mo 
Y 


Further important properties of the Lagrangian function, relating it to the 
metrical properties of the field, are given by the equation"® 


a a ay 








a“ ane *- (14) 
and!4 

oti av 

ee ) ~&. (15) 


Finally, the quantity 9% 


symbols by the equation" 


may he expressed in terms of the Christoffel 


ast=\/=a( — for.a}!— Lov. 8} + L155} —%). (16) 


We are now ready to proceed to the derivation of equation (7). Combining 
equations (8) and (9) we have 
v v ay 1 vy 1 vO 1 af ay 
Ba(T += — OL + 760 + T6e — 78s ace 


1° See Eddington, reference 1, equation (58.1). 

" See Eddington, reference 1, equation (58.51). 

2 See Eddington, reference 1, equation (58.52). We have written the expression in a sym- 
metrical form which is equivalent to Eddington’s unsymmetrical form. 

13 See Eddington, reference 1, equation (58.6). 

4 See Eddington, reference 1, equation (58.8). 

18 See Eddington, reference 1, the equation immediately following (58.72). 
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Substituting (14) and (15) we obtain 


— a a avi 1a a \ 1 ., a 
8x(Z'+ t!}) = —9” $f—4+—¢ 4-4 














Ox, dgn Og4* 2 “dx, Agee 2 * dg" 
and this can evidently be rewritten in the form 
(8 yo ay 
8a(Ii +t) = =A{- 3" tS) 
ov oY ay 
1a: OF 


"ogee ages 2 * aga? 


Comparing this result with equation (7), we see that our deduction will 
be completed if we can now show that the sum of the last three terms is 
equal to zero. To accomplish this we must substitute for the quantities 
occurring in these three terms their explicit values in terms of the Christoffel 
symbols as given by equations (12), (13) and (16). Doing so we obtain 

ae ae 1, a 


qe ¥ av 





q. nN} ee ee 
’ dg O¢ ua 2 al ogre’ 


= /—s[— {67,0} g*— {d7, v} gt {v8, 5} g”|[—lua,y}+3e7 lac, e} +3g7| mene} | 
+v—gg"|—{av,e} uesy} + ton,y} | ve,€} | 

—3v/—gl— (du, a} g— [du,8} gh + | ud,5} 9?) [—[a8,v} +32” | Be,e} 

+g) {ae,e} | 


(1) (3) 


(2) 
=  —glldv,e} [ua,y}g*—3 {du,a} fac,e} g*—3 {daa} {pe,e} o™ 
(4) (5) (6) 
+ {éy,v} {ua,y} g'—3f{du,v} |} ae ,e} go —}{5a,v} | we, e} ge 
(7) (8) (3) 
— {75,5} [wa,y} er) {ud, a} taese} grt} {a5,8$ [ue re} g 
¥ 
—{ay,e} {ue, +tendin, e} g” 
(4) (5) (2) 
—}} du, a} fas, vy} gi 424 1 Ou, v} tee, e} g842} a} fae, e} ge 
1s (5) 
—} 54,8} Las, rhe fay 3} Be, siatiall {ae ,e} g*@ 
(6) (8) (8) 
+3} u5,5} {as,v} g®—1{u5,5! | Be,e} g—1 | ud,5} {ace} or] 


=( 


where the value zero arises, after some changes in dummy suffixes, from the 
mutual cancellation of all terms, as can easily be verified by noting that the 
terms have been labelled in such a way that those which destroy each other 
are given the same number. 

Combining this result with equation (17), we now complete the deriva- 
tion of the original equation (7), which it was the purpose of this section to 
prove. 
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$4. Tue LimitinG VALUEs OF CERTAIN QUANTITIES AT LARGE 
DISTANCES FROM AN ISOLATED MATERIAL SYSTEM 


As a further preparation for our later considerations we shall now obtain 
the limiting values at large distances from an isolated material system for 
the quantities 9*°(0%/dg%*) and g**(d%/dg%*) which occur on the right hand 
side of equation (7). To do this we recall that we have defined an isolated 
system in §2, in such a way that the changes taking place within the system 
do not produce changes in the gravitational field outside of a sufficiently 
distant boundary. Therefore, at a sufficient distance from an isolated system 
the gravitational field will be static and spherically symmetrical, and we can 
use for it the well known Schwarzschild solution. Hence placing the system 
in the neighborhood of the origin of a set of coordinates x, y, z, ¢, which 
approach Galilean coordinates at large distances we can write for the line 
element the approximate Schwarzschild expression'® 


ds? = —(1+2m/r)(dx?+dy*+d=*)+(1—2m/r)dt? 


where the constant m is the mass of the system and r is an abbreciation for 
(x? y2o2)h2, 

Since the above expression gives the form taken by the Schwarzschild 
solution in a particular kind of quasi-Galilean coordinates, it is evident that 
later results, which are dependent on the present section, will also be origin- 
ally derived in the form which they assume in these particular coordinates, 
and their translation into the language of other systems of coordinates 
must be undertaken with due cognizance of their method of derivation. 
Furthermore, the above expression is an approximate one, valid at distances 
large enough so that terms of the order (m/r)? can be neglected, and yet at 
the same time small enough so that the curvature of the universe as a whole, 
as given by the cosmological term, can be neglected. Hence those later 
considerations which are dependent on this section will primarily apply only 
to systems which are small compared to the total dimensions of the universe, 
even though of course still very large compared with ordinary terrestrial 
dimensions. 

Returning to our approximate expression for the Schwarzschild line 
element we may now write for the components of the fundamental metrical 
tensor, the values 


£11 = g2e = g33 = — [1+2m/r] gas= [1—2m/r| 
gil = g?? = y= aN gi=— _! 
[1+ 2m/r] [1—2m/r] (18) 


Lu = ge” =0 (uv) Vv —g=[14+2m/r]9/2[1—2m/r] 2 

To calculate the desired quantities from these expressions for the metrical 
tensor, we shall first need the values of the Christoffel symbols. These are 
defined by the equation "” 


© See Eddington, reference 1, equation (46.15). 
17 See Eddington, reference 1, equation (27.2). 
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1 Ogun Orn fy 
wio}= > (+ & - &) 
2 s Ox, OX, AX 








which evidently reduces under our circimstances to 


(= fre Bw» 
Ox, Ox, OX, 








{wo} = —¢ 


: ) (not summed) 


and taking y, v, and o as different indices we obtain the four cases 


1 Ou 
logger Lae 
1 98 uu 
onde i i 
1 Agus ” 
Lymn} = tose} = 
{uv,o} =0 


Weare now ready to proceed to our calculations. Under our circumstances 
we may evidently write 


‘ aU r—f ay ag ay ag 
qe —_———- = — oo —_—— _ ae —_— —_ —_——— s 
das vv as da u +8" aa* +e das +8 oats 

1 





Substituting the values given by eons (13), this becomes 


ag av F 11} t ! us ' I 11} l 
q peer} nese ~& led BA i le,e} +8 ) lee; 
1 


—g?*} 22, 1} 9133, 44,1} 


and introducing the values of the Christoffel symbols given by equations(19) 
it reduces to 


. ay I =e erer 82 mt lg a =i Wr lg 0848 
qer—_—— = -S" _ 2 —_— 
ane a\§ ax Ox 


+¢° 2 gl “+ gga), 
Ox Ox Ox 
Finally, substituting the values for the components of the metrical tensor 
given by equations (18), and, because of the large distances under considera- 
tion, neglecting quantities of the order m/r in comparison with unity, we 
easily obtain 


ges 


ag rs) (*“) 0 (™) 2m Or 
= — ? —f —__ a — on = ae -* 
04,% Ox\ r Ox r r? Ox 
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From considerations of symmetry it is evident that we shall also have similar 
expressions in y and s, and introducing the direction cosines for the radius 
vector we may evidently write 


ae om aoe om . ae m 
qe3—— =—-— cos (mx), 8%—— =— cos (my), 9%——=—— cos (nz) (20) 
ages r- ages r: ages r- 
L 2 3 


while the value of the fourth quantity 97°(d% 0q%°) will not be needed for our 
later work. 

Turning now to the second of the quantities of interest mentioned at the 
beginning of this section, we may evidently write with the help of equations 
(18), (13) and (19) 











av _ av a ones O845 
avti_— =, —g git—_— = —\/—g gt }441! =—y —g gtigtt—— 
ous oat 2 Ox 
1 1 
or, to the same order of approximation as before, we obtain 
oY m ay m oY m 
qas = —— cos (rx), 9%4—— = —— cos (my), 9*4*—— = —— cos (mz). (21) 
aqed4 r- ages r2 » ages r- 
1 2 3 


$5. RELATION BETWEEN THE ENERGY AND MAss OF AN ISOLATED SYSTEM 


We are now ready to return to our discussion of the energy principle by 
giving a deduction from our present basis of Einstein’s relation between the 
energy and mass of an isolated material system. Using the quasi-Galilean 
coordinates described in the last section, we may write for the energy of the 
system, in accordance with equation (6), 


U = [ff arpacayas 


and this quantity will be constant independent of the time ¢ as shown in §2, 
provided the boundary of the region of integration is taken sufficiently 
distant from the system. Substituting the value for total energy density 
given by equation (7), we can now rewrite our expression for the energy 


in the form 
| a ay 1 oY 
[ -—[{f- — qr4—_— 4 —gv—— dxdvydz. 
&r Ox, oaet 2D ages 
Y Y 


Taking the boundary of the region of integration as a sphere with its center at 
the origin of coordinates, using Gauss’s theorem to transform to a surface 
integral, and substituting at the distant boundary the three values for the 
term in parenthesis found in the previous section as given by equations (20) 
and (21), this can evidently be rewritten in the form 


a 2m 
l -— [f= [cos? (nx) +cos? (nv)+cos? (nz) |dS 
8x r? 4 


‘a 





Av 1 a 
—q%*—— ]dxdydz. 
aa" 4 2 aga? 
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Since, however, both U and the surface integral on the right hand side of the 
equation are constants independent of the time,'® it is evident that the second 
term on the right hand side of the equation must be zero, as the volume inte- 
gral in the second term could not continue to change permanently at a 
constant rate with the time. Hence evaluating the surface integral, we easily 
obtain for an isolated system the simple relation 


U=m (22) 


where U is Einstein’s expression for the energy of the system, and m is the 
mass which must be substituted into the Schwarzschild solution to give the 
gravitational field at large distances. This appropriate result is itself no mean 
justification for Einstein’s formulation of the energy principle. 


$6. THE ENERGY OF A QuUAsI-sTATIC ISOLATED SYSTEM 
EXPRESSED BY AN INTEGRAL EXTENDING ONLY 
OVER THE OCCUPIED SPACE 


For certain purposes both of the expressions for the energy of an isolated 
system, /{{(Ij+t})dxdydz and m, are somtimes unsatisfactory, the first be- 
cause the integration has to be extended over a region large compared with 
the actual system, owing to the fact that t} is in general not zero in free space, 
and the second because it gives no method of computing the energy from the 
actual distribution of matter or radiation within the system. For a particu- 
lar class of systems, which we shall call quasistatic, a more usable expres- 
sion can be obtained. 

Starting once more with our fundamental equation (6) for the energy of 
an isolated system, we write 


= Lf f apr anave: 


where we again use the quasi-Galilean coordinates defined in §4. Substituting 
the expression for the density of potential energy t] given by equation (9) 
this can be rewritten in the form'® 


1 ox 
v= fff (ut ; oe ay rd 
16m 16m ~ da 


and introducing the expression for % given by equation (15) this becomes 
‘ (y 1 re) ox 1 3 ay 
a 
lox 16m Ax, aan? 16 * dae 


18 The quantity m must be a constant, since it determines the gravitational field at the 
distante boundary, and by our definition an isolated system produces a constant gravitational 
field at the distant boundary. 

1? We omit the cosmological term in the expressions for ti and & since our present con- 
siderations already contain the assumption that the system is email compared with the total 
dimensions of the universe. 
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Substituting now for © the well-known expression!® 
G=8&rT= 8e(Ii+IT3+ T+) 


writing the third term of the integrand out in full, and combining with the 
last term, we then easily obtain 


4 l ei gl 2 3 
( - (J, —-T, —T,—T)dxdydz 
+ —f ffl +2 (are) + 2 ont . 
—_—— qe an — Qe Senate x dz 2: 
167 Ox dace dy . el age? | — (23) 


dv 
; — ff fo Jad ys 
* > age? : 


The second integral on the right hand side of this equation can be evaluated, 
however, by taking the boundary of the region of integration as a sphere, 
transforming to a surface integral and substituting at the distant boundary 
the values given by equations (20). We thus easily obtain m/2 as the value 
of the second integral and since for an isolated system this is itself equal by 
equation (22) to U/2 as shown in the preceding section, we can rewrite equa- 
tion (23) in the form 


U = ff fa- r-T -Tdvdyds + — ff fo 1 (—— “ =) (24) 


Finally, let us now define a quasi-static system as one in which changes with 
the time are taking place sufficiently slowly so that the last term in this 
equation can be neglected in comparison with the others, as will of course be 
exactly true in case we are only interested in the energy of the system at 
times when it is in a quiescent state of temporary or permanent equilibrium. 
We can then write as the desired expression?’ for the energy of an isolated 
quasi-static system 








v= ff (Ij -T,—T}-—T)dxd yds (25) 


20 This expression for energy was first given by Nordstrim, Proc. Amster. Acad. 202, 1080 
(1918). The derivation given for the expression, however, was unsatisfactory since it was made 
to depend on an equation which the author ascribed to von Laue without any citation of the 
place of publication nor statement as to its range of validity. I have myself not been able to 
find the source of this expression and Professor von Laue has informed me by letter that he has 
been unable to find such an expression in the second volume of his book on relativity, does not 
know how he could have arrived at such an equation, now where else he might have set it forth, 
and is inclined to believe that Nordstrim must have been in error concerning the reference. 
Attention should also be called in this connection to the limited range as to the nature of the 
system and the choice of coordinates which will make equation (25) valid. 








ENERGY MOMENTUM PRINCIPLE IN RELATIVITY 887 


where it is evident from the equation of definition 


r dx, dx, 
wy — neue 
- ds ds 





that the integration has te be extended only over the region actually occupied 
by matter or radiation. 


§7. ENERGY OF A SPHERE OF PERFECT FLUID. 


We may now use equation (25) to calculate the energy of a spherical dis- 
tribution of perfect fluid in a static state of stable or metastable equilibrium. 

Continuing to use our quasi-Galilean coordinates x, y, 2, t, we may evi- 
dently write the line element for our spherically symmetrical and static sy- 
stem in the form 


ds*= —e* (dx*+dy*+dsz") + e’dt* (26) 
where yu and » are functions of r=(x?+y?+2*)'/? and independent of ¢. In 


accordance with this line element we have for the components of the funda- 
mental metrical tensor 





gu™gun“fa* gas=e” 

gil = g?? = g33 = — es git=e~’ (27) 
3u+y 

Loo =2"°=0 (p¥a) V—g=e”". 


For the tensor of energy and momentum for a perfect fluid we have the 
well known equation®! 


dx, 





- dx, 
T°? = (poot+ po) — 


— gre ; 28 
ds ds al (28) 


where po and fp are the proper macroscopic density and proper pressure of the 
fluid as measured by local observers, and the quantities (dx,/ds) are macro- 
scopic velocities. For our case the macroscopic velocities will all be zero ex- 
cept for the case p =o =4 and we shall then have 


(=) 44 v 
ds ens 


so that the surviving components of the energy tensor will be 
Tu = T® = T% = ep, T* = e-*poo 
or lowering suffixes 


T. = = T= — po T* = poo (29) 


4 


Multiplying these results by / —g to change to tensor densities and sub- 
stituting in equation (25), we now obtain for the energy of a steady spherical 
distribution of perfect fluid 


21 See Eddington, reference 1, equations (54.81) and (54.82). 
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l= fff (pot 3po)esdxd yds. (30) 


We also have, moreover, the general relation 


TOLMAN 


dViods = V— gd xyd xed x3d x 


where d Vo is the element of proper three dimensional volume, and in our case 
this reduces to 


uty ( t 
dV9 = e * dxdyds—— = e*'? dud vdz 
ds 


so that equation (30) can be rewritten in the extremely simple form 


U= foow+spo e”/? dV = flow+spor gad Vo. (31 ) 


$8. APPROXIMATE EXPRESSION FOR THE ENERGY OF A SPHERE 
OF FLUID IN A WEAK GRAVITATIONAL FIELD 


We shall now investigate the value of this expression, for the energy of a 
sphere of perfect fluid, under circumstances where the gravitational field is 
weak enough so that the Newtonian theory of gravitation is approximately 
valid. Such a condition can of course be achieved by taking the quantity of 
matter in the sphere sufficiently small. 

Under these circumstances the line element will approach that for flat 
space-time and we may write the components of the metrical tensor in the 
form 


fae = Suv + Ny (32) 


where the quantities 6,, are the Galilean values for the components of the 
metrical tensor, +1 or 0, and the quantities /,, are small deviations there- 
from. With these values for the components of the metrical tensor, however, 
we may easily obtain a well-known relation between /,, and the Newtonian 
gravitational potential V. 

To do this let us consider the behavior of a test particle placed at the point 
of interest and then allowed to move freely under the action of the gravita- 
tional field. In accordance with the theory of relativity the motion of this 
free particle must correspond to a geodesic in space-time and hence be gov- 
erned by the equation* 

d* Xe dxp dx, 


t 
pedlescd pv ,a}— 
ds* ‘ he ds 





(33) 


Since the particle starts from rest, however, the initial “velocities” dx,/ds and 
dx,/ds will all be zero except with yw or v=4, and taking first the case of a=1, 
the above equation will reduce at the beginning of the motion to 


2 See Eddington, reference 1, equation (49.42). 
23 See Eddington, reference 1, equation (28.5). 























ood 
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d*x ' dt\? 
—- + {44,1}(—) =0. (34) 
ds? ds 


Furthermore, we have for a particle at rest 


ds? = gasdt?=(1 — hss)dt* 





(35) 
= dt? 
and in general 
441} = an (= + O86 =) 
2 ON, Ox, Ox, 
which for our case reduces with sufficient approximation to 
1 dg 0 (hy: 
faa 4} - = (=), (36) 
2 dx Ox\ 2 


So that substituting (35) and (36) in (34) and writing the analogous equations 
with a =2 and 3, we easily obtain for the initial acceleration of the test parti- 
cle the equations 


d*x ~( =") d*y 0 (~) d*s 0 (“*) 37) 
—se——) eee) ene), (Ss 
dt* Ox\ 2 dt* dy\ 2/7 dt? Oz\ 2 


We note at once that (/4;/2) satisfies the same differential equations of mo- 
tion as the gravitational potential V in the ordinary Newtonian theory, and 
since jj; tends to zero at large distances may now write 

hiss 


=v (38) 
? 


provided we make the usual convention that the gravitational potential shall 
be zero at infinity. This equation connects the relativity and Newtonian 
methods of treatment, providing the gravitational field is weak enough to 
permit the use of the older method. 

In addition to this equation, we shall also need to use a value for a certain 
integral which was known in the Newtonian theory but is sufficiently un- 
familiar so that we shall now derive it. The integral in question is 3/pdV, 
where p is the pressure within the fluid and the integration is to be taken over 
the volume V of the whole sphere. We write 


R 
3 f pav zB 3f 4ar*pdr 


where R is the radius of the sphere, and by partial integration obtain 


|* R 
3 | pdV =4er8p| — f dard p 
10 0 
R 
--f 4rr dp 
0 
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where the first term has been dropped since 7 is zero at one limit and p at the 
other. It is evident, however, that the quantity —4zr*dp is the total radial 
force acting outwards on the spherical shell of material d./, lying between the 
radii r and r+dr and hence can be equated to the gravitational attraction 
acting on this shell which gives us 


RM, 
3 [pa = J — dM,. 
0 r 


Moreover, the quantity on the right hand side of this equation is obviously 
the work that would be necessary to remove the material of the sphere to 
infinity and hence the negative of its potential energy. So that we can finally 


write 
ev ; 
3 foav = - Sav (39) 


where the integral on the right hand side of the equation is a well-known ex- 
pression for potential energy, p being the density of material and WV the gravi- 
tational potential. 

We are now ready to return to equation (31) which gave as an exact 
expression for the total energy of the sphere 


U = J (o0+3p0. ‘Oss dV. 


In accordance with equations (32) and (38) we can write as approximately 
valid in the case of a weak field 


a , ‘as hss 
V eu = (1+A4s)'? = 1 ve were: 
And this can be substituted above to give 


U = fost te pooVdV - 3 fooar +, 3 foovarrs 


In the case of a weak gravitational field, however, the potential V is every- 
where small compared with unity and for the case of ordinary matter in a 
weak gravitational field** pp is small compared with poo. Hence the last term 
in the above expression may be dropped entirely and the next two preceding 
terms simplified by omitting the subscripts (9) which specify a proper system 
of coordinates for the measuring of quantities. The result then becomes 


U= J ova + [pWdV + 3 frav 


* This is not true for radiation where po =pm/3, so that our present considerations apply 
to a sphere in which the density of ordinary matter is large compared with that of radiation, 
which is of course the case for which the Newtonian potential energy was known. 
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and introducing the value of 3/pdV given by equation (39), we finally obtain 
as an approximate expression for the energy of a sphere of perfect fluid in a 


weak gravitational field 
; we .. 
U = J evea alle faa ' (40) 


In satisfactory agreement with older theory, the energy thus consists of two 
parts,—the first being the total proper energy of the material out of which 
the sphere is composed, and the second the well-known Newtonian expression 
for its potential gravitational energy. 

As far as the writer is aware, this is the first case in which it has been 
shown that Einstein’s exact relativity expression for the energy of a system 
is more closely approximated by including the Newtonian potential energy 
than by going at once to flat space-time. It is hoped that the reasonableness 
of this result will lead to increased confidence in the use of the energy mo- 
mentum principle in general relativity. 


§9. THE INTERPRETATION AND USE OF THE ENERGY- 
MoMENTUM PRINCIPLE IN THE CASE OF Non- 
ISOLATED SYSTEMS 


So far, the applications of the energy-momentum principle, which we have 
considered in the foregoing, have dealt with the conservation of energy for an 
isolated system enclosed within a distant boundary located in the free space 
surrounding the system, and these applications have been made largely in 
order to illustrate the reasonableness of Einstein’s formulation of the princi- 
ple. In applying the theory of relativity to the phenomena of nature, however 
we may often be interested in using the energy-momentum principle to give 
us information as to the changes which could take place within a limited re- 
gion which forms part of a larger system. Hence in the present section we shall 
consider the interpretation and use of the energy-momentum principle when 
applied to such non-isolated systems, and in the following section we shall 
discuss specifically the changes which the energy-momentum principle would 
allow in the distribution of matter within a certain kind of non-isolated sys- 
tem. 

Let us return to the fundamental differential equation, true in all sets of 
coordinates, which was given in §1 


0 
— (T+) = 0 (41) 
Ss °° * 


where Tj is the tensor density of material energy and momentum and t; the 
pseudo-tensor density of potential gravitational energy and momentum. 
Taking x, to be the time like coordinate, this equation will lead to the mo- 
mentum principles with u =1, 2, 3 and to the energy principle with u=4. For 
our present purposes, however, we shall leave u unspecified since the follow- 
ing considerations are general enough to apply to the energy-momentum 
principle as a whole. 
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Multiplying the above equation by dx,dx.dx;, and integrating over the 
system of interest we obtain with some rearrangement of terms 


ra 
— fff ( - +t*)dyidxed x3 
0 V4 . . 
a => | ] a) | » 0 3 » 
= — ~ (2 +t )4+— (I-4+t)4+—-(T" tt) Idx xvodx; 
ON}: " - OX» “ ‘s ON: : - 


and, by performing the indicated integrations on the right hand side, this can 
be rewritten in the form 


0 — 
owe fff ej +t ld. xd Xod X3 
ON" P 4 
, , , (+42) 
1 | y 9 72 ] ” ‘ \*3 
= Sf - +t!| dxXod X3 —_ Sf a°+t dxydx3—- ff _ +¢ dx \d Xe 
i “ P m M = | M “ = 


where the limits of integration for the spatial variables x, x2, x; are to be 
chosen so as to include the system of interest. 


1 


Equation (42) as written is true in all sets of coordinates, owing to its 
immediate dependence on the covariant equation (41). The interpretation 
and use of the equation, however, are often simplified if we choose coordinates 
in such a way that the limits of integration which must be taken in order to 
include the system of interest actually lie on the boundary surface which sep- 
arates the region in question from its surroundings. Thus for example quasi- 
Galilean coordinates x, y, z with the limits of integration x to x’, y to v’, and 
z to s’ lying on the boundary of the system, are usually preferable for our 
present purposes to polar coordinates r, 0, @, with the origin inside the system 
and the limits of integration 0 to r, 0 to t and 0 to 27, in which case r is the 
only limit actually lying on the boundary. The increased simplicity of the 
properly chosen coordintes arises from the fact that the right hand side of 
equation (42) is then completely determined solely by the values assumed at 
the boundary by the quantities T}, t} etc. and is not dependent on their 
values within the system. 

Having chosen coordinates in the way suggested, the interpretat‘on of 
equation (42) becomes very simple. The equation now states that the rate of 
change with time x, of the volume integral on the left hand side of the equa- 
tion is equal to the quantity on the right hand side, whose value is entirely 
determined bythe conditions prevailing at the boundaryof the system. The left 
hand side of the equation can then be interpreted as the rate of change with 
the time of a component of the total momentum of the system, with un =1, 2, 
3, or the rate of change of the energy of the system, with » =4; and the right 
hand side of the equation can be interpreted as the flux of momentum or en- 
ergy through the boundary. 

The use of equation (42) will also be facilitated by the suggested choice of 
coordinates, when we are interested in some process which takes place within 
our system under circumstances such that we have definite information as to 














~—v 














ENERGY MOMENTUM PRINCIPLE IN RELATIVITY 893 


the values of the quantities T}, t} etc. at the boundary of the system, but 
do not have definite information as to the values they may assume in the 
interior of the system during the course of the process which interests us. In 
the following section we shall use coordinates of the kind suggested without 
further remark. 


$10. APPLICATION OF THE ENERGY-MOMENTUM PRINCIPLE TO THE 
STATIC STATES OF A SYSTEM 


Having thus obtained an indication as to the interpretation and use of the 
energy-momentum principle in the case of non-isolated systems, we shall now 
apply the principle to determine what restriction it would impose on the form 
of line element within a system which could exist in different static states. To 
solve this problem we apply the energy-momentum principle to the following 
process. 

We start with a non-isolated system which together with its surround- 
ings is originally in some given static state such that none of the components 
of the metrical tensor are changing with the time x;. Without altering the 
metric or the distribution of matter and radiation outside of the system, we 
then assume a change to take place in the distribution of matter and energy 
inside the system in such a way that the system ultimately arrives in some 
new possible static state. In the absence of the detailed knowledge, which 
would permit us to describe the exact mechanism of the internal process that 
takes place, we now inquire into the restrictions which the energy-momentum 
principle, as applied to the system as a whole, would impose on the changes in 
the form of line element inside the system which could accompany such a 
process. 

The first condition on the possible changes in the line element is imposed 
by the hypothesis that the metric and the distribution of matter and radia- 
tion outside the system are not to be changed by the process, this hypothesis 
being introduced since our interest will lie in those changes which could take 
place solely within the system without affecting anything in the outside sur- 
roundings. As an immediate result of the assumption that the metric is not 
to be changed outside of the system, it is at once evident that the process 
must produce no change in the values at the boundary of the components 
g,, of the metrical tensor and their first differential coefficients 0g,,/0x.. 
And as a result of the assumption that the distribution of matter and radia- 
tion is not to be changed outside of the system, it is evident that the energy- 
momentum tensor 7*” will remain unchanged at the boundary since it is 
completely determined by the distribution of matter and radiation in accord- 
ance with the equation of definition 

dx, dx, 
TY = po — . 
ds_ ds 

The second condition on the possible changes in the line element is im- 
posed by the requirement that the process taking place within the system 
shall agree with the energy-momentum principle as applied to the system as a 
whole. This condition is given by our previous equation 





(43) 
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0 saat 
= i) f (x) +t )dxid Nod X3 
v4 
— ff iz +t d xed x3—- ff | +e i dx\dx3- ff | +t 


To apply this equation, we note that at the start of the process when the 
system is in its original static state, the left hand side of the equation is 
obviously equal to zero since none of the quantities involved can be changing 
with the time. Thus at the start of the process the values at the boundary of 
the quantities T} - - -t} must be such as to make the right hand side also 
equal to zero. The quantities T}, Tj and T}, however, are determined by 
the g,, and 7** and the quantities t}!, t2 and t} by the g,, and 0g,,/0x,, and 
hence in accordance with the last paragraph the values which they assume at 
the boundary will not change during the process. The result is that both sides 
of equation (44) remain equal to zero throughout the process, and the condi- 
tion imposed by the energy-momentum principle reduces to the requirement 
of constant energy and components of momentum for the system as given by 


the equation 
[ff atte dardedrs=const. (45) 


To investigate the effect of this condition on the possible changes in line ele- 
ment which could occur, we shall now reexpress the integrand by substituting 
for it the expression given by equation (7) in §3. We thus obtain 


0 dv Re 
fff | —g**—_ + —-g'98 dx\d xed x3=const. (46) 
Ox, ove = 2 *— g8 
Y Y 


In this equation, however, the suffix y is a dummy and the term with y =4 
will be zero at the beginning and end of our process, since by hypothesis the 
system is at these times a static one and the rate of change of all quantities 
with respect to the time x, is zero. Hence, writing the summation out in full 
and performing the possible integrations with respect to x;, x, and x3; which 
are indicated, we can now express the condition imposed on the form of the 
line element by stating that for the static states at the beginning and end of 
the process we must have the relation 


P OY Fr , dv |’ 
anf non + 5 $8 me dxod x3 
“L 7 lien 


' dv . : av Me P 
+ ff —9g pon +. > ee jack . X10 X3 (47) 
2 2 


(44) 


x's 
dx\dxe. 
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ay t, ,& 
ao ff a + re he er dx,dx2=const. 
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where the limits of integration x1, x,’ etc. lie on the boundary of the system. 
The quantities occurring in the integrands of this equation, however, are com- 
pletely determined by the values of the components g,, of the metrical tensor 
and their first differential coefficients, as can be verified from equations 
already given in this article. Hence the condition imposed by the energy- 
momentum principle has already been met by our previous requirement 
necessary to preserve the metric outside that the values at the boundary 
for the g,, and their first differential coefficients should not be changed by the 
process. 

Hence, noting the restriction given in $9 as to the kind of coordinate sy- 
stems that we employ, we can now state the following otherwise general 
conclusion. Let us start with a non-isolated system, which together with its 
surroundings is originally in some given static state, and consider that some 
process then takes place which leaves the metric and the distribution of mat- 
ter and radiation outside the system unaltered but changes the matter and 
radiation inside the system in such a way that we finally arrive in some new 
static state. Assuming no detailed knowledge as to the nature of the internal 
process that has occurred, but applying the energy-momentum principle to 
the system as a whole, we then find that the requirements imposed by the 
energy-momentum principle on the possible changes in line element within 
the system are to be met by the condition that the components g,, of the me- 
trical tensor and their first differential coefficients 0g,,/0x, are to retain their 
values unaltered at the boundary.™ 


$11. CONCLUSION 


This concludes the material which it was desired to present in the present 
article. It is hoped that the general coherence of the treatment and the speci- 
fic satisfactory result, as to the inclusion of the ordinary Newtonian expres- 
sion for potential gravitational energy in the case of a fluid sphere in a weak 
gravitational field, will increase the confidence with which the energy prin- 
ciple is used in general relativity. 

Some apology should perhaps be offered for the great length of the two 
preceding sections on the application of the energy principle to the changes 
that may take place within a limited region which forms part of a larger sys- 
tem. There are, however, a number of points connected with the develop- 
ment which have seemed puzzling enough to warrant a detailed exposition 
and the final conclusion is one of considerable usefulness. 

It should perhaps also be remarked that we have not treated in the fore- 
going any questions which involve the energy of the closed universe as a 
whole since these deserve separate consideration.” 


* In connection with the formulation of this section, I have been greatly helped by dis- 
cussions with my colleague Dr. J. Robert Oppenheimer, for which I wish to thank him, also 
in this place. 

% See Einstein, Berl. Ber. 1918, p. 452, and Tolman, Proc. Nat. Acad. 14, 348 (1928). 
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ABSTRACT 

The main purpose of this article is to use the extension of thermodynamics to 
general relativity, previously proposed by: the author, to obtain expressions which 
will give the criteria for the thermodynamic equilibrium of a static gravitating system 
in a readily applicable mathematical form. After restating the principle chosen by 
the author as the general relativity analogue of the second law of thermodynamics, and 
showing once more that it is a natural covariant generalization of the ordinary second 
law of thermodynamics, the principle is then applied to finite systems in general and 
to adiabatic systems having no flux of matter or heat at the boundary. The mathe- 
matical conditions for thermodynamic equilibrium are then obtained for the case of 
any finite static system, and a specially useful form for these conditions is obtained 
for the case that the system has spherical symmetry. 


$1. INTRODUCTION 


N SEVERAL previous articles, I have attempted an extension of thermo- 

dynamics to general relativity! and have tried to make certain applica- 
tions of this extension.? The main purpose of the present article is to prepare 
for certain further applications which I propose to make. 

The postulate, which must be taken in work of this kind as the general 
relativity analogue of the ordinary first law of thermodynamics, is evidently 
Einstein’s generalized energy-momentum principle, which reduces in flat 
space-time to the ordinary laws of the conservation of energy and momen- 
tum, and is a principle which certainly must not be violated by any thermo- 
dynamic changes which may take place. The use of this principle has 
already been discussed in some detai! in the preceding article in this journal,’ 
and, those conclusions drawn from it, which will be necessary for the present 
considerations. 

The postulate which was chosen as the general relativity analogue of the 
second law of thermodynamics was a new one, which was justified, so far as 
may be, by showing it to be a natural covariant generalization of the ordinary 
second law of thermodynamics in flat space-time. In the present article we 
shall be especially interested in the method of applying this principle to 
determine the equilibrium conditions for a finite system in a static state. 


1 Tolman, Proc. Nat. Acad. 14, 268 (1928); ibid. 14, 701 (1928). 
2 Tolman, Proc. Nat. Acad. 14, 348 (1928); ibid. 14, 353 (1928). 
3’ Tolman, Phys. Rev. 35, 875 (1930). 

* See reference (3) last paragraph of §10. 
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In the immediately following section, §2, we shall again state the postu- 
late chosen as the general relativity analogue of the second law of thermo- 
dynamics in the form which it assumes for an infinitesimal region, and show 
again by way of review that it is a natural covariant generalization of the 
ordinary second law of thermodynamics valid in flat space-time. In §3, we 
shall obtain by integration the form taken by the principle in the case of a 
finite system in general, and then more especially in the case of an adiabatic 
system having no flux of matter or heat at the boundary. Following this we 
shall consider, in §4, the conditions for thermodynamic equilibrium in the 
case of a finite static system, and finally, in $5, we shall consider a specific 
form in which these conditions for equilibrium can be put in case the system 
under consideration has spherical symmetry. 





~-~* 


§2. THE GENERALIZED SECOND LAW OF THERMODYNAMICS 


To state the postulate which was taken as the general relativity analogue 
of the second law of thermodynamics, we shall first define the entropy vector 
at a given point in space-time, by the equation 


; dx, 
S# = Po ae ( 1 ) 
ds 


where @po is the proper density of entropy at the point in question as measured 
by a local observer, and dx,/ds is the macroscopic velocity of matter at that 
point. Corresponding to this vector, we also have the entropy vector density 
given by the equation 


a dx, 
| St=S"y —g=do0\ —s es . (2) 
as 





The second law postulate can then be stated in the form 


_ 


OS dQ, 
dxyd X2d x3d x4 = — 
Vy 4 





(3) 


rene 


where dQ is the heat measured in proper coordinates flowing through the 
boundary into the infinitesimal region and during the infinitesimal time de- 
noted by dx\dx.dx;dx;, and 75 is the proper temperature at the boundary. 
To show that expression (3) is covariant, we rewrite it by a well-known 
transformation in the form 


spinal do 
(S*).W —gd xd xed x3dxy 2 —. (4) 

0 
The quantity (S*),, however, is the contracted covariant derivative of S* and 
is known to be an invariant, while \/ —gdx,dx.dx3dx, and dQo/T» are also 
obviously invariants so that both sides of expression (4) are tensors of rank 
zero, and the requirement of covariance is met in the simplest possible way. 
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To show that expression (3) reduces to the ordinary requirements of the 
second law in the limiting case of flat space-time, we first rewrite it with the 
help of (2) in the form 


d — do 
pes ( y~F Nad Nod X3d.X4 = T. . (5) 


Vp as 0 


In flat space-time, however, using Galilean coordinates x, vy, z and ¢, we shall 
have \ —g=1, and writing out the indicated summation in full, we obtain 
with some rearrangement in the order of terms 


re) dt 
“(6 “ad yd 
Ol ds 


é dx 0 dy a) dz dQ 
> -|2(62)+"(02) a “(o =) ad yd + — 
Ox\ ds/ ody\ ds Oz\ ds/ To 


and this can evidently be rewritten as 


0 dt 
“(4 a xd vd 3dt 
Ol ds 


0 dt dx fa) dt dy a dt dz dQo 
=| “(6 4 ~) 4" ( oy =) + “( oe =) dxdydsdt +. (6) 
Lox\ ds dt} dy\ ds dt} as\ ds dt To 


In accordance, however, with the special theory of relativity, valid in flat 
space-time, entropy is an invariant for the Lorentz transformation, so that 
entropy density will be affected by the Lorentz-Fitzgerald factor of contrac- 
tion ds/dt in such a way that we can make the substitution 


dt 


aie 
ds 


o=¢ (7) 
where @¢ is the density of entropy in the particular set of Galilean coordinates 
that are being used. Furthermore, since heat and temperature have the same 
transformation factors on the basis of the special theory, we may also sub- 
stitute 


dQ dQp 


T To ” 


Hence, using u, 7, w to denote the components of ordinary velocity dx/dt etc. 
we can finally rewrite expression (6) in the form 
* sxdydeat = —| (on) +=(6r) + ou) Jasdydsat + “. ©) 
—dxdydzdt => —| —(ou) +—(¢v) +—(ow) |dxdydz —- 
ot ’ Ox oy Oz ‘ T 
This expression, however, evidently states the essence of the ordinary second 


law of thermodynamics, since it requires that the actual increase of entropy 
occurring in the time dé in the infinitesimal volume dx dy dz cannot be less 
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than the total entropy brought in from the outside by the flux of matter and 
the flow of heat. 

Our postulate as to the general relativity analogue of the second law has 
thus been justified both by the fact of its expression in covariant form and 
by its reduction in the limiting case of flat space-time to the ordinary second 
law of thermodynamics. The justification, thus presented, is of course in no 
sense a complete proof of the validity of the postulate taken. Covariance and 
agreement with the form of the second law valid in the special theory of rel- 
ativity are necessary but not sufficient requirements for determining the new 
form of the second law. The new postulate must be regarded as a real gener- 
alization containing an element not present in the special theory of relativity, 
and the ultimate complete justification of the postulate must be dependent 
on the agreement between the conclusions that can be drawn from it and 
actual experimental or observational facts. 


$3. APPLICATION OF THE ENTROPY PRINCIPLE TO FINITE SYSTEMS 


To apply the new principle to the changes taking place in a finite system, 
let us start with the principle in the form given by expression (5), and taking 
x1, X, and x; as being the space-like coordinates, integrate over the spatial 
region of interest. If we carry out such an integration, using coordinates such 
that the limits of integration necessary to include the whole system fall on 
the actual boundary which separates the system from its surroundings, it is 
evident that the summation of dQo/7» over the interior of the system will 
cancel out, since any heat entering a given element of volume is abstracted 
from neighboring elements, so that we shall only have to consider the heat 
entering the system from its surroundings. Hence dividing equation (5) 
through by dx,, writing out the indicated summation, and performing the sug- 
gested integration, we obtain with some rearrangement in the order of terms 


SUS (one 
Ox; vN g ds AXA Xod X3 
a dx, 0 d x2 
il SIS. (#. 8a. )+— (6 —¢— 
Ox ds OX» ds 
i) 


— dx3 1 dQ» 
+2 wv=1!2)Jentntn DL) 
Ox: - . s ds petites es Ty dx, Boundary 


The last term on the right hand side of this expression is the total value taken 
over the boundary of the system of the quantity (1/7 ) (€Qo/dxs), and by per- 
forming the indicated integrations the other terms on this side of the expres- 
sion can also be seen to depend solely on quantities whose values are deter- 
mined by conditions at the boundary, provided we continue to use, as 
suggested above, a set of coordinates so chosen that the limits of integration 
necessary to include the whole of the system actually lie on the boundary. 
We obtain 
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, | — Xx, | ay! 
"fff (ov =_?*, —) dx,dxedx; = Sf ov — a - | d xed x3 
a: v4 ds 1 zy 


, 


| dx | #,' | _ dx3 | * 
= PoV —Zg— dx id i3— os iad ute dx\d x2 
| ds | z, ds |g, 


1 dQ 
262) 
Xu To dx, Boundary 


where the limits of integration at the boundary of the system are denoted by 
x1, X1' etc. 

This expression (10) may be regarded as a general statement of the second 
law of thermodynamics as applied to finite systems, and defining the entropy 
of the system by the equation 


dx, 
S= fff (6 =. anda (11) 
ds 


the expression can be interpreted as giving the relation which must hold be- 
tween the rate at which the entropy of a finite system is changing with the 
“time” x,;, and those conditions existing at the boundary which determine the 
flux of matter and the flow of heat. 

For the case of an adiabatic system with no flow of heat through the 
boundary, and in addition with the quantities dx,/ds, dx,/ds and dx;/ds 
equal to zero at the boundary, so that there is no flux of matter between the 
system and its surroundings, expression (10) reduces to 


~ fff (o =e Nand odx3 20. (12) 
Ox, y 


In accordance with this expression, the entropy of an adiabatic system of the 
kind described can only increase or remain constant with increases in the 
time x3. 


TOLMAN 


























(10) 


$4. THERMODYNAMIC EQUILIBRIUM IN A STATIC SYSTEM 


We shall now investigate the conditions for thermodynamic equilibrium 
in a static system. To do this we must examine the changes which could take 
place from one static state to another without violating either the energy- 
momentum principle or the entropy principle as applied to the system as a 
whole. 

Consider a system which together with its surroundings is originally in 
some given static state, such that none of the components g,, of the metrical 
tensor are changing with the time, and furthermore such that there is no flow 
of heat nor macroscopic flux of matter or radiation at any point. Without 
alteration in the metric or the distribution of matter and radiation outside of 
the system we then assume some change to take place in the distribution of 
matter and radiation inside the boundary in such a way that the system ul- 
timately arrives in some new possible static state. Assuming no detailed 
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knowledge of the exact nature of the internal process which occurs, we now 
inquire into the restrictions which the energy-momentum principle and the 
entropy principle applied to the system as a whole would impose on the 
change in state. 

In accordance with a conclusion obtained in my previous article on the 
energy-momentum principle,‘ the restrictions imposed by this principle on 
the possible changes in line element within the system are to be met by the 
condition that the components g,, of the metrical tensor and their first differ- 
ential coefficients 0g,,/0x_ are to retain their values unaltered at the bound- 
ary. These restrictions, coming from considerations of the energy-momentum 
principle, must be applied as part of the thermodynamic criteria for deter- 
mining the possible changes in state. 

Turning now to the entropy principle, we note that the process under 
consideration has been so chosen that the change is an adiabatic one of the 
kind described in the preceding section, since by hypothesis the flow of heat 
and macroscopic flux of matter are everywhere zero at the start and remain 
so at the boundary while the process is under way; hence we can at once apply 
expression (12) to the process. We thus obtain as the restriction imposed by 
the entropy principle the requirement that the entropy as defined by equa- 
tion (11) shall not be decreased by the process. This restriction must be ap- 
plied as giving the remaining thermodynamic criteria for determining the 
possible changes in state. 

The considerations of the last two paragraphs immediately make it evi- 
dent that the condition for the thermodynamic equilibrium of a static sys- 
tem, with no flow of heat or flux of matter at any point, is that the entropy 
of the system as given by equation (11) shall be the maximum that can be 
obtained without violating the boundary conditions furnished from consid- 
erations of the energy-momentum principle. Stating this conclusion more 
specifically by the use of the calculus of variations, we may now give as the 
condition of thermodynamic equilibrium in a static system of the kind de- 


scribed above 
dx, 
fff doV “Sr, waraenes (13) 
s 


under the subsidiary condition holding at the boundary of the system 


Ofu» 
itv ( eno 14) 
0 Xa 


where it is to be remembered that the conclusions have been derived using 
a system of coordinates such that the limits of integration necessary to 
include the whole of the system of interest fall on the actual boundary 
which separates the system from its surroundings. 





§5. EQUILIBRIUM IN A STATIC SYSTEM HAVING SPHERICAL SYMMETRY 


As just mentioned the conditions given by equations (13) and (14) have 
been derived using a system of coordinates such that the limits of integration 
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necessary to include the whole of the system fall on the actual boundary 
separating it from its surroundings. In the case of a system having spherical 
symmetry, it is possible, however, to translate these results into a system of 
polar coordinates, and thus put them into a more convenient form for use. 

Let us take a static system of the kind discussed above, with no flow of 
heat nor macroscopic flux of matter or radiation at any point, and having 
spherical spatial symmetry, and let us initially make use of a set of coordi- 
nates x, vy, s, / with the center of symmetry at the origin of the three equiva- 
lent spatial axes x, y and s. Such a set of coordinates is of the kind used in 
deriving the restrictions given by equations (13) and (14). 

The line element for our system in these coordinates can evidently be 
written in the form 


ds> = —e# (dx’+dy"+d2) + edt (15) 


where the exponents uw and v are independent of the time /, and on account of 
the spherical symmetry depend on the coordinates x, y and z in such a way 
that they are expressible as functions of (x?+ y?+3s*)!””. 

In accordance with this line element we have 


£1 = £22 = £33 = — ec Lu=e" 


_. (16) 


and since there is no macroscopic flux of matter or radiation, we have the 
value zero for all the macroscopic velocities dx,/ds except for the case u=4, 
and then have 
dx4 dl m 7 
—=s—a2e"!?, (17) 
ds ds 
Substituting the values given by equations (16) and (17) into equations 
(13) and (14) we then have as the requirement for thermodynamic equilib- 
rium in our present coordinates 


af ff ue axdy z=0 (18) 


under the subsidiary condition holding at the boundary of the system 


8 s(*) 5 (=) 0 (19) 
= = ov= = e 
“ OXe OXe 


These requirements, however, can now easily be translated into polar 
coordinates 7, 6 and ¢ by setting 








x=rsin@cos@ 
y=rsin@sin @ (20) 


z=rcos6 
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and noting that the condition of spherical symmetry makes it possible to 
take uw and v as functions of r alone 


u=n(r) v=v(r). (21) 


The requirements for thermodynamic equilibrium then evidently become 


fff oer sin @drd9do = 0 (22) 


} under the subsidiary condition 





bu = by’ =v =5v' =0 (23) 


where the primes indicate differentiation with respect to r, and the limitation 
given by (23) is to be applied at the actual boundary separating the system 
from its surroundings rather than at the limits of integration which must be 
given to the new variables in order to include the region of interest. 

Finally if we take the region of interest as being a spherical shell contained 
between the constant radii r; and 72, we can evidently rewrite equations (22) 


and (23) in the form 
5 E f * oet!2 rar |=0 (24) 
"1 


under the subsidiary condition 
5u= dy’ =5v=5r’ =0 (at ‘; and 1>). (25) 


It is believed that this form of the conditions of equilibrium will be found 
an easy and useful one to employ. 
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ABSTRACT 


In accordance with the special theory of relativity all forms of energy, including 
heat, have inertia and hence in accordance with the equivalence principle also have 
weight. The purpose of the present article is to investigate the thermodynamic 
implications of the idea that heat has weight. In particular an investigation is made 

to see if a temperature gradient is a necessary accompaniment of thermal equilibrium 
in a gravitational field, in order to prevent the flow of heat from regions of higher to 
those of lower gravitational potential. 

A preliminary non-rigorous treat ment of this problem is first given by attempting } 
to modify the classical thermodynamics only to the extent of associating with each 
intrinsic quantity of energy an additional amount of potential gravitational energy. 
In this way an expression is obtained for increase in equilibrium temperature with 





decrease in gravitational potential which, however, could in any case only be correct 
as a first approximation in a weak gravitational field. A discussion of the uncertainties 
and lack of rigor of this preliminary treatment is then given and the necessity pointed 
out for a rigorous treatment based on the principles of general relativity. 

A rigorous relativistic treatment is then undertaken using the extension of ther- 
modynamics to general relativity previously presented by the author. The system to 
be treated is taken as a static spherical distribution of perfect fluid which has come to 
gravitational and thermodynamic equilibrium. The principles of relativistic mechan- 
ics are first applied to such a system in order to obtain results needed in the later work. 
And it is then shown that these mechanical principles themselves are sufficient to 
determine the temperature distribution as a function of potential in the simple case 








of black-body radiation. The principles of relativistic thermodynamics are then 
applied to this same case of pure black-body radiation and the same expression for 
temperature as a function of potencial obtained by the thermodynamic as by the 


mechanical treatment. This may be regarded as giving some measure of check on the 
validity of the proposed relativistic thermodynamics. 
Following this, a thermodynamic treatment is given for the temperature distri- { 
bution in the more general case of matter and radiation and a result found which 
harmonizes with that for radiation alone. A treatment is then given to the distribution 
of a perfect monatomic gas in a gravitational field both on the assumption that the 
total number of atoms must remain constant and on the assumption of the ready 
interconvertibility of matter and radiation. In the latter case the same dependence 
of concentration on temperature is obtained as was found by Stern and by the author 
for the case of flat space-time. 
Using a system of coordinates such that the line element for the sphere of fluid 
takes the form 


ds’ = —e4*(dr+rd@+r sin?6d¢*) +e'd? 
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the general result for the relation between gravitational potential and equilibrium 
temperature 7») as measured by a local observer in proper coordinates can be given 
by the equation 


dilnTo 1 dy 


dr 2 dr 


This equation reduces in the case of a weak field to that obtained by the pre- 
liminary non-rigorous treatment, and gives a very small change of temperature with 
position in fields of ordinary intensity. The result, however, is one of great theoretical 
interest, since constant temperature throughout any system which has come to 
thermal equilibrium has hitherto been regarded as an inescapable thermodynamic 
conclusion. It is also not out of the question that the effect might sometime be of 
experimental or observational importance. 


$1. INTRODUCTION 


NE of the most important results of the special theory of relativity was 
the relation between the total energy of a system U and its inertial 
mass m, given by Einstein’s equation 


"=mc* (1) 


where c is the velocity of light. In accordance with this equation we must 
ascribe the property of inertia to energy. For ordinary matter, however, we 
are in the possession of very exact experimental results showing a propor- 
tionality between inertia and weight, and hence the question at once arises 
whether we must also ascribe to energy the property of weight. 

As early as 1911, in developing those ideas which finally led to the general 
theory of relativity, Einstein' considered this question, as to the weight of 
energy, and showed by a simple application of the equivalence hypothesis that 
the property of weight must indeed also be ascribed to energy if we are to main- 
tain the postulated equivalence between behavior in a homogeneous gravita- 
tional field and behavior with reference to a set of uniformly accelerated axes. 
The later more complete developments of the general theory of relativity have 
shown that the Newtonian concept of the weight of a body as a force acting 
on it when placed in a gravitational field, is an idea which is only suitable for 
the treatment of slow-moving particles in weak gravitational fields. Never- 
theless, these more complete developments of the general theory of relativity 
have completely confirmed the fundamental nature of the idea that weight 
must be ascribed to energy, since they have shown in any case that all forms 
of energy will be subject to the same gravitational action when placed under 
the same conditions in a gravitational field. Furthermore, in the case of weak 
enough fields and slow enough motions so that the Newtonian concepts may 
still be taken as approximately valid, the general theory of relativity has 
shown that the gravitational force F acting on any quantity of energy U 
will be given as would be expected by the simple equation 


1 Einstein, Ann. d. Physik 35, 898 (1911), 
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F=(U/c?)g (2) 


where g is the acceleration due to gravity. 

If we accept the conclusion that energy has weight, it is evident that we 
must also ascribe weight to energy in the form of heat, and hence must expect 
to find thermodynamic consequences of the new idea. Thus considering for 
example cases where the Newtonian approximation is valid, we might expect 
the flow of heat from a place of higher to a place of lower gravitational po- 
tential to be accompanied by a decrease in potential energy, and this in turn 
would lead us to suspect that the condition of thermal equilibrium in a 
gravitational field might involve higher temperatures at the lower gravita- 
tional levels in order to prevent any thermal flow. It is the purpose of the 
present article to investigate the thermodynamic consequences of this idea 
that heat has weight, making use of principles obtained in an extension of 
thermodynamics to general relativity which I have already given.’ 

In the immediately following section, §2, we shall first consider a preli- 
minary treatment of temperature equilibrium in the case of a system in such 
a weak gravitational field that we shall feel warranted in trying to apply the 
Newtonian concept of gravitation as a first approximation. And in $3, we 
shall examine the inadequacies of this preliminary treatment and show the 
necessity for the more rigorous treatments to follow. In $4, we shall then 
prepare for the rigorous general relativity treatment by applying the prin- 
ciples of relativistic mechanics to a spherical distribution of perfect fluid to 
obtain results which will be needed in the later developments. And in §5, 
we shall show that these purely mechanical results are alone sufficient to 
determine the temperature distribution in the simple case of a spherical dis- 
tribution of pure radiation. In $6, we shall then briefly restate that result 
of the earlier extension of thermodynamics to general relativity which is 
necessary for our present considerations and then apply it in §7 to this same 
special case of pure radiation, and show that the same results are also ob- 
tained from the thermodynamic as from the purely mechanical treatment; 
this may be regarded as furnishing a partial confirmation of the correctness 
of the new system of relativistic thermodynamics. Following this, in §8, we 
shall use our relativistic thermodynamics to obtain a general equation for 
the distribution of temperature in any spherical mass of gravitating fluid, 
which has come to equilibrium. In §9, we shall then consider the equilibrium 
distribution of matter in a gravitational sphere of fluid; in particular the cases 
of a perfect monatomic gas, both when in equilibrium with radiation and 
when the total number of atoms is constant, will be treated. Finally in 
$10, we shall make some concluding remarks. 


§2. PRELIMINARY TREATMENT OF TEMPERATURE EQUILIBRIUM 
IN A WEAK GRAVITATIONAL FIELD 


To obtain a preliminary non-rigorous treatment of the temperature 
equilibrium in a weak gravitational field, we shall endeavor to apply the 


2 Tolman, Proc. Nat. Acad. 14, 268 (1928); ibid. 14, 701 (1928); This Journal, 896, ibid. 
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principles of the classical theomodynamics, modified only by assuming that 
the force of gravity will act on any quantity of energy U as though it had a 
weight, in the Newtonian sense, corresponding to its inertial mass U/c?. Un- 
der these circumstances a quantity of energy which has the intrinsic magni- 
tude U, when measured at the zero of gravitational potential at a great 
distance from bodies producing a gravitational field, will be assumed to have 
associated with it the potential energy UWV/c? when brought to a point where 
the gravitational potential has the value WV. 

Consider now an isolated sphere of material which is held together by its 
own gravitational attraction, but has a small enough mass so that the gravi- 
tational field iseverywhere weak. In accordance with the classical thermody- 
namics, this system should be in equilibrium provided it has the maximum 
entropy S consistent with its total energy U. To determine the temperature 
distribution which corresponds to these conditions, let us then consider a 
small variation in temperature distribution, leaving unaltered, however, the 
amount of substance of each component in each element of volume dV. For 
the variation in total entropy we shall write 


5S fre (3) 
- = 


where 7 is the temperature at the point where the element of volume dV is 
located, du is the change in the intrinsic energy density at that point produced 
by the variation in temperature, and the integration is to be taken over the 
whole volume of the system. On the other hand for the variation in the total 
energy of the system, we shall write 


Vv 
6U= f( + ~)ou dV (4) 
ce 


where ¥ is the gravitational potential at the point in question. 

Setting equation (3) equal to zero as the condition that the entropy be 
a maximum, and equation (4) equal to zero as the subsidiary condition of 
constant energy, and combining by the method of Lagrange, we obtain 


1 
S[--0 +) fos dV =0 (5) 
T ce 


where J is a constant undetermined multiplier, and this equation can only be 
true for arbitrary variations du, if we have 


1 7 
==n(1+=) (6) 
T C 


which is the desired expression giving the distribution of the temperature 7 
throughout the system as a function of the gravitational potential V. 

Differentiating this equation with respect to the radius r, to obtain an 
expression for the rate of change of the temperature with distance from the 
center of the gravitating sphere, we have 
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1 dT dX dV 


T? dr c dr 


and substituting the expression for \ which can be obtained from (6), we ob- 











tain ‘ 
dln T 1/c*)(dW/dr d WV 
watt santas = — <n (1+) (7) 
dr 1+-W/c? dr ce 
or since by hypothesis the field is weak enough so that V/c? is small compared | 


with unity we have approximately 


din T 1 dv g 
; = —— (8) 
dr cdr c 





where g is the acceleration due to gravity. 

For the case of a field of vanishing gravitational intensity with g negli- 
gible, the result degenerates into the usual condition for thermal equilibrium, 
T=constant. Furthermore, owing to the magnitude of the velocity of light 
the percentage change in temperature with height would be very small in : 
fields of any ordinary intensity. Thus in a gravitational field having the 
strength of that at the surface of the earth we should have approximately 


dln T 
dr 








=—10-" cm. 


§3. INADEQUACY OF THE PRELIMINARY TREATMENT 


The foregoing treatment contains of course many inadequacies and uncer- 
tainties, which can only be removed by a rigorous treatment of the problem 
from the point of view of general relativity. In the first place, in accordance 
with the classical thermodynamics, we have assumed maximum entropy and 
constant energy as the criteria of equilibrium for an isolated system, without 
any certain knowledge as to the form or even the validity of such principles 
in the presence of a gravitational field. Equation (3) for the entropy assumes 
it to depend on what we have called the intrinsic energy but the justification 
for this is by no means clear. Equation (4) for the energy, on the other hand, 
even if satisfactory for the case of weak gravitational fields,’ can certainly 
not be regarded as correct in general when we recall the great modifications 
in the nature of the energy principle which have to be introduced in the 
theory of general relativity. Furthermore, it should be noted that we have 
given no very clear definition of the quantities temperature 7 and intrinsic 
energy density « which occur in the equations, although we might perhaps 
guess that we should take the values of these quantities as measured by local 
observers using proper coordinates. In addition, even the interpretation of 
the quantity d V appears dubious when we recall the differences between pro- 





3 See §8 in the article already referred to, This Journal, 888, for a satisfactory approxi- 
mate treatment of the energy of a sphere of perfect fluid in a weak gravitational field. 
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per volume and coordinate volume which occur in the general theory of rel- 
ativity. 

It is hence abundantly evident that we cannot regard the results of the 
preceding section as having any certainty of validity, unless indeed we can 
show them to be an approximation in weak fields for conclusions which can 
be obtained from a more rigorous general relativity treatment. In what fol- 
lows we shall now turn our attention to the general relativity treatment of 
the distribution of temperature and matter in a sphere of gravitating fluid 
which has come to thermodynamic equilibrium. 


§4. THE RELATIVITY MECHANICS OF A SPHERICAL 
DISTRIBUTION OF PERFECT FLUID 


As a preparation for our later work we must first consider the application 
of the mechanics of general relativity to a static distribution of perfect fluid 
having spherical symmetry. For a sufficiently general line element for such 
a system we may evidently write 


ds? = —¢ (dr?+-r2d92+-r? sin? 0dg2) + e’dt? (9) 


where the conditions that the system is to be static and spherically symmet- 
rical are fulfilled if u and »v can be taken as functions of r alone. 

The components of the metrical tensor corresponding to this line element 
are evidently 





gui=—e, f22= —e*r’, £33= —e*r? sin’ @, fa =e” 
e# e# 

gi=—e, g?= ——, g3= —— ; git=e- (10) 
r? r? sin? 6 

Lo=eP-°=0 (p¥a) V—g=e"> r? sin 6 


and the components of the contracted Riemann-Christoffel tensor corres- 
ponding to this metrical tensor have already been worked out and are known 
to have the values‘ 


2 r 4 4 








, rv ru ru reu'y 
G2a= Se dial r + 4 r 
G33 =G2. sin? 0 (11) 
” y! yy’ y!2 
Gu=—-—e* | — + — + — + — 
r + 4 


Gyo = 0 (p#a) 


4 See Eddington, “The Mathematical Theory of Relativity,” Cambridge 1923. The results 
in question can be obtained by setting \=u in Eddington’s equations (43.5). 
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where the primes indicate differentiation with respect to 7. Raising suffixes 
with the help of the values of the metrical tensor (10), and substituting into 
the fundamental equation 


—8&rT, =G3—12°G (12) 


which connects the energy-momentum tensor 7? with the metric we can 
then obtain, after a simple calculation, for the separate components of 7? 


p 4 y’ pv’ u”? 
nto A 


r 2 


” Ad , , fo 
es oa M +p M +p ye 
—8rT?2=—8nrT,=c alee + —-+ =| (13) 
: 2 2r 4 
» Wy "9 
ow Pr Hh KM 
-serjmes [erg 4 2] 
r 4 


On the other hand in the case of a perfect fluid the energy tensor is known 
to depend on the properties of the fluid in accordance with the equation® 


dx, dX. 


T 00 = (p00+ po) — ee ae 2°" Po (14) 
ds_ ds 
where poo is the proper macroscopic density of energy in the fluid, po its pro- 
per pressure and the quantities dx,/ds are macroscopic “velocities.” Since 
we assume a static condition in our fluid, these “velocities” will all be zero 
except for the case p or o=4, and in accordance with the line element (9) 
will then have the value dx,/ds =e~’’®. Hence noting the values for g*’ given 
by equations (10) we obtain for the separate components of 7°” 
e# c* 
TNs e* Po, T22 =—p,, 78 = —__ Pos T= e-"p,, (15) 
r° r* sin? @ 


or lowering suffixes with the help of the metrical tensor (10) we have 
T!= T?=T?=— p, T= Pro - (16) 


Comparing these results with those given by equations (13) we can now 
write 








e+ — ‘+ , uv’ yu’? 
Ra fe +} 17 
wel 2 7 it 
e7# we ‘ty’ yp’? 
»=— — + ——_ + — (18) 
8x L 2 2r 4 
e"e 2p’ py”? 
Po=——- |v’ + — +" (19 
” 81 | r 4 (19) 


5 See Eddington, reference 4, equations (54.81) and (54.82). 
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as expressions connecting the proper pressure fo and proper macroscopic 
density poo with the metric. The reason that we obtain two separate expres- 
sions (17) and (18) connecting the pressure with the metric lies in the fact 
that the line element (9) with which we have started is sufficiently general 
to apply to any static distribution having spherical symmetry, while our 
later assumption of a perfect fluid involves at each point of the fluid an equal- 
ity between the stresses in the radial and tangential directions. 

Adding equations (17), (19), and (18) taken twice we obtain 

Ul 


er 2y’ mM yf’? 
(Pw+3 pe) =— (»” +—+—+ ) 
Sr ) 


r 2 2 


and this can be rewritten in a form which will later prove useful 
ety | | 2v’ py’ y? ds ut 
8r(po + 3pje 2 "=e * (»” +—+—+ ) y= = (e 2 pr?) .(20) 
r 2 dr 


We are now ready to apply the principles of mechanics to our system, in 
accordance with the fundamental equation of relativity mechanics which can 
be written in the form.® 

ot? 1 OLas 
2 = 


— —T -=() 21) 
OX, 2 ON, ( 





Considering first the case o = 1, substituting values for the tensor densities 
of energy and momentum obtained from (15) and (16) through multiplica- 
tion by \/—g, and substituting for g,3 from (10), we can write 


mer 1 ee ; (= =8)- 
We) —-—e A —-2-(- 8) — 1 — bev 8 ] —(-r"*) 
Pon g 5 pov —8 re r\ 52 Po g ar 


—(— 
or 





2 \r* sin*6 2 


( ae =e sin%) — 4 P(e) <0 
a wv £4 - ern" — —(6 "pal —£)-—— (ce) = 
p g a > ee — 


3u TV 





» 


and substituting the value \ —g=r? sin 0 e given in (10), this is easily 


found to reduce to the form 
Poot po dv 


=. spe (22) 
or 2 or 





which furnishes us with a very simple and useful expression for the change in 
pressure with radius. The equation may be regarded as the general relativity 
analogue of the Newtonian equation 

dp dv 


dr dr 


where p is now expressed in terms of mass per unit volume, and indeed can 
be shown to reduce to this in case the gravitational field is weak and the sys- 


*See Eddington, reference 4, equation (55.6). 
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tem consists of ordinary matter with the pressure po negligible compared 
with the density poo. 

It is also of interest to note that equation (22) can alternatively be derived 
by combining equations (17), (18) and (19), without the use of the mechani- 
cal principle given by equation (21). The mechanical principle and the equal- 
ity of the two different expressions for pressure thus imply the same restric- 
tions on the pressure distribution within the sphere. 

Returning now to the mechanical equation (21) and considering the cases 
o=2 and o=3, it is easy to show by a similar method to the one just used 
that we obtain the results 


o—~ hom © ®@ (23) 


as was to be expected. 
Finally, considering the case ¢ = 4, we obtain by substitution into (21) 





cited ~ St ang 
—/(p — —_— — je = 
” -  @ 
and since by our hypothesis of a static system the gas are independent of the 
time ¢, we have the result 
dp 
al (24) 
ot 


the proper density remaining constant with time at each point in the distri- 
bution, in complete agreement with our original assumption of a static sys- 
tem 


$5. MECHANICAL TREATMENT OF TEMPERATURE DISTRIBUTION 
IN THE CASE OF RADIATION 


In the case of a spherical distribution of pure black-body radiation such as 
might surround a gravitating sphere of denser matter, relativistic mechanics 
without a resort to relativistic thermodynamics will be sufficient to deter- 
mine the temperature distribution. This arises because of the simple rela- 
tions in the case of black-body radiation directly connecting the thermody- 
namic quantity temperature with the mechanical quantities energy density 
and pressure. 

For the energy density and pressure of black-body radiation we can 
evidently write in accordance with well known equations 


poo=aTo4 (25) 
and 

po= 30aT o' (26) 
where a is the Stefan-Boltzmann constant and T» is the proper temperature, 


as measured by a local observer, located at a point where poo and po are the 
proper macroscopic energy density and proper pressure of the radiation. 
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Substituting these expressions into our mechanical equation (22), we at 
once obtain as exact relativistic expressions for the temperature distribution 
within a field of radiation 


din To 1 dy 
o—— = (27) 
dr 2 dr 





or 
T)=Ce-!? (28) 
where C is a constant of integration. Furthermore, in the case of weak enough 
fields so that the Newtonian theory of gravitation is a sufficient approxima- 
tion, equation (27) can be shown to reduce to 
dln To 1 dv g 
— =—— — = — — (29) 
dr c dr ¢* 
in agreement with equation (8) obtained by our preliminary treatment. The 
qualitative nature of this result is entirely reasonable since it is evident that 
the pressure of radiation must increase as we go to lower gravitational levels 
in order to support the increasing amount of the radiation above, and in the 
case of pure radiation such an increase in pressure can only be the result of 
an increase in temperature. 

It is a matter of great interest that we have thus been able to determine, 
by a straightforward application of relativity mechanics without any resort 
to the new relativistic thermodynamics, the effect of gravity on temperature 
distribution in the particular case of a field of pure radiation. We have thus 
obtained in a rather unimpeachable manner a justification in at least one 
case for our original general idea, as expressed in $1, that the condition of 
thermodynamic equilibrium under the action of gravitation would involve 
higher temperatures at lower gravitational levels in order to prevent the 
downward flow of heat, and shall be ready to expect similar effects of gravi- 
tational action on temperature in more complicated cases whose solution 
will involve our new system of relativistic thermodynamics. 





§6. THE THERMODYNAMIC CONDITIONS FOR EQUILIBRIUM 


To prepare for our thermodynamic treatment, we may now restate the 
conditions for equilibrium in a static system obtained in the previous de- 
velopment of relativistic thermodynamics.’ Using the polar coordinates 
adopted in §4 of this article, these conditions took the form that the general 
relativity expression for the entropy of the system lying within the spherical 
shell between the constant radii 7; to rz should be a maximum in accordance 
with the variational equation 


6 | + f do e8#!? rar] =() (30) 


under the subsidiary condition coming from consideration of the energy- 
momentum principle 


7 See in particular §5 in the article in This Journal. 
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bu = bu’ =dv=6r'=0 (at r; and rz) (31) 


where w and vy are the exponents occurring in our expression for the line 
element, and the quantity @) occurring in equation (30) is the proper density 
of entropy. 


$7. THERMODYNAMIC TREATMENT OF TEMPERATURE DISTRIBUTION IN THE 
CASE OF RADIATION 


Let us now make use of the thermodynamic method to obtain a treatment 
of temperature distribution in the case of radiation. To do this we can re- 
express the entropy density @» occurring in equation (30) in terms of energy 
density py, and by means of our previous relation connecting energy density 
with the metric can obtain the condition for maximum entropy in a form in 
which it depends explicitly on the metrical variable uw and its differential 
coefficients. The variation indicated in equation (30) can then be performed 
and the subsidiary conditions imposed by equation (31) on the variable yu 
easily introduced. 

For the proper density of entropy @, in terms of the proper temperature 
7) we can evidently write in accordance with the well known properties of 
black-body radiation 

4 
go=—aT,' (32) 


where a is the Stefan-Boltzmann constant. Combining this with equation 
(25), connecting the energy density with temperature, we obtain 


bo= a" po (33) 


and using equation (19) which connects the energy density with the metric 
we can write 


4a!’ Qu’ ws 
247 r 


Substituting this into equation (30) and dividing out the constant factors, 
we finally obtain as the condition of maximum entropy in terms of the 


metrical variable u 
rs 7,,/ Qn 3/4 
, 2u UE oe — 
sf (w+ — + ~) e*#!4 r2dr=0 (35) 
rs r + 


bu = dy’ =0 (at r, and ro). (36) 


under the condition 


Performing the variation indicated in equation (35) we obtain 


nt 3 rs eb 2 p’ | 
f (ur 45) (<u” +—éu'+—Su ‘es ; 
>» 4 r 4 r 2 


3 Qu’ py”? 3/4 
+<(u"'+= 4") e*#/4 bu | rr dr=0 
4 r 4 
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and resubstituting the expression for energy density given by equation (19) 
this can be rewritten in the simpler form 


Tr» ef# 2 y? 
i} | ~ —(sx" +s ay + ty ‘)- Sarpoo*!* e*#!? r? in| dr=0 
r Poo 


1 





Noting, however, in accordance with equation (36) that du’ and 6yu are equal 
to zero at the limits 7; and r2 this can evidently be transformed in the usual 
manner with the help of partial integrations, dropping terms that become 
zero at the limits, to the following form containing 6yu alone. 


re Td? fe#l?r? d fe#!*r d fet*r? — ; 
i) Say ames Paes 2— ee “) —_ Sr poo* 4 e3u/? 72 budr=0. (38) 
nr dr* Poo! ‘ dr Poo! 4 dr Poo! 4 Fs 


This equation, however, can be true for arbitrary variations du only if 
the quantity in the square brackets is equal to zero, and this can evidently 
be rewritten to give us 


bel § evi? x2 “( : Yt = Sapo"! 4 e*™/* r*, (39) 
dr\ dr\poo''*/ § 


And substituting the relation betwen energy density poo and temperature 7» 
given by equation (25), this becomes 


1 ( 1 1 ) Po 
ba J cul 2 -(—) =&r — ciel? p2, (40) 
dr\ dr\To/§ ; 





0 


To solve this equation for 7) as a function of 7, we note that in the case 
of radiation we have 82po =47(po+3po) and substituting equation (20) we 
can then rewrite (40) in the form 


i i/. el? d 
<{ eit —(—)} = i eT 
dr\ dr\To/§ = Ty «art dr 


(- ) dy. “(—\! : d 7 om » a 
—) — — )r =(e"'?) ml? yp? (er ) 
T)/ dr Ve - dr\To/ § ee dr f° ~~ 


Postponing a more general discussion of the solution of this equation until 
the next section, §8, where the equation again occurs, we note at once that 
a particular solution of the equation is given by 


To = Ce™!? (42) 


or 


where C is a constant of integration and this equation for the temperature 
distribution in a field of radiation which has come to equilibrium under the 
action of gravity is exactly the same as equation (28) which we obtained in 
$5. Hence in this simple case of radiation, where a mechanical treatment can 
be given, the thermodynamic and the mechanical treatment of temperature 
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distribution under the action of gravity lead to the same result. This can be 
regarded as some confirmation of the validity of the system of relativistic 
thermodynamics which I have proposed. 


$8. TEMPERATURE DISTRIBUTION IN THE GENERAL CASE OF 
Any PERFECT FLUID 


Let us now consider the application of our condition for a maximum of 
the relativistic expression for entropy 


i| 4s f r* errdr |=0 (43) 


to a determination of the temperature distribution in the general case of any 
perfect fluid. To apply this equation it will be convenient to note that 
4re*!* r2 dr is evidently the proper spatial volume lying in the spherical shell 
between r and r+dr. This can be seen from the general relation for the 
element of proper spatial volume 


dVods = \/—gdxid xed x3d x4 


which, in the case of our system and line element (9), gives 


3uty 


dt 
dVo=e ? r* sin 0drdédd ,s = ¢%4/2 y? sinédrdédd. 


§ 


And if we integrate this over all values of 6 and ¢, we obtain 
Vo = 4mre*!? 7? dr (44) 


for the proper spatial volume lying between 7 and r+dr, where Vo is of course 
an infinitesimal quantity. 

Under these circumstances, since ¢o is the proper density of entropy, we 
may evidently write 


So = 4r do e%#!2 »2 dr (45) 


as an expression for the entropy, as measured in proper coordinates, associ- 
ated with the material lying between 7 and r+dr. As this quantity of entropy 
is measured in proper coordinates, it will evidently obey the classical laws 
of thermodynamics and may be taken as a function of temperature 7», vol- 
ume Vo) and number of molecules Ni, N2 - - - N, of the » different components 
which are necessary to specify the composition, in the way ordinarily em- 
ployed in thermodynamics. 

We are now ready to investigate the temperature distribution in our 
fluid. To do this let us consider the effect of a variation in the temperature 
T, and volume V, associated with the shell r to r+dr, keeping the composition 
of the material in this shell unaltered, that is holding N,; - - - N, constant. 
Under these conditions, we shall have in accordance with the principles of 
ordinary thermodynamics 
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Po 
6S oe, Posy 46 
 -. (46) 


and in accordance with equations (44) and (45) this can evidently be written 
in the form 
6(4 Poo e*#/2 r? dr) 
5( 4m oo e*!? r? dr) = +? = 5(4ar e*#/? r? dr). (47) 


0 0 





Substituting this in equation (43) for the maximum of the relativistic 
expression for entropy we now obtain 


Tr 6 0 »3u / 2 @ 
x f How eon) 4 Po 5 (el? +) |Par=0 (48) 
r, To 


, 0 





which gives the condition for a maximum of the relativistic entropy in a 
form which can be made to depend solely on the variation of the metrical 
variable uw and its derivatives, by substituting for the energy density poo its 
values as given by equation (19). Doing so we obtain 


r2 1 
[Cale ee} Buen) ome 


Performing the indicated variations, we have 


re eul? hu’ yp’ —(. Qu’ a 
aes 6 Ld Pi tek: EF 5? 4 Ts 
J | 7a "> n’)- 47 
1 


1 
2m po 


0 














e%#/2 in | r-dr=0 


Noting, however, that the variations are to be carried out in accordance 
with equation (31) which gives du’ =du=0 at r; and 72, the first term in the 
integrand can evidently be transformed in the usual manner with the help 
of partial integrations, dropping terms that become zero at the limits, to 
a form depending on du alone; and the second term in the integrand can be 
simplified by resubstituting equation (19) for the energy density poo. We 
thus obtain 


ref d? fex!?r? d fe#!?r d fet? r? p’ 4 (poot3po) 
PLES) MED HSE 2) Mtn 
r, Ldr*\ To dr\ To dr\ Ty 2 Ty 








This equation can be true, however, for arbitrary variations du only if the 
term in square brackets is equal to zero, and this can evidently be rewritten 
to give us 





00 3 
dj is 2 “(—)\ = 4a(p - Po) 12 92 (50) 
0 
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and substituting equation (20), we finally obtain as an expression connecting 
7) with the coordinate r and the metrical variables uw and v 


dj sl (—)! _ _ si. ae (51) 
dr f 


< e* - r- —_— 
dr drv\T,JS Ty oar \ 

This differential equation for 7, is the same as equation (41) which we 
got when we applied the thermodynamic method to pure radiation. A first 


integral for this equation can be written in the form 


d in To 1 dv 4 Be 2 r =>) 
ee ee ee nes (92) 
dr 2 dr r° 
where B is a constant of integration, and substituting equation (22) this can 
be written as 


d ln To 1 d po Be > 
———* = —_ = +———T. 


If, however, we now assume on physical grounds that at the center of 
the sphere r=0, we have d7),dr and dpo/dr equal to zero, 7) not equal to 
zero and the other functions of r finite, it is evident that the constant of 
integration B must be equal to zero.’ Under these circumstances the second 
integral of our equation is then easily seen to be 


Ty) = Cel? (53) 


where C is a second constant of integration. 

This result is exactly of the same form as that obtained for radiation alone 
and that is a satisfactory outcome since our method of derivation did not 
involve the assumption that any matter at all was necessarily present. The 
equation gives a definite relation connecting the equilibrium temperature in a 
gravitational field with the variable v which is itself determined in a known 
way by the gravitational field. The general nature of the result can perhaps be 
more easily appreciated by redifferentiating equation (53) with respect to r 
and substituting equation (22). We then obtain 


d ln To 1 dv 1 d po 


= (54) 
dr 2 dr Poot Po dr 

and can at once see that temperature and pressure will increase together as 
we go towards the center of the sphere. It is also of interest to note once more 


the approximation 


dln To 1 dv g 


” » 


dr cdr c~ 


8 It would be interesting to investigate the possibility of solutions of physical interest 
with B #0, 
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valid in weak enough fields so that the Newtonian method is applicable, and 
this is the same equation as was obtained in our preliminary non-rigorous 
treatment.? 


$9. THE DisTRIBUTION OF MATTER IN A SPHERE OF PERFECT FLUID 


The principles of relativistic thermodynamics which we have used in the 
preceding section should be sufficient to give us information not only as to the 
temperature distribution in a sphere of fluid but also as to the equilibrium 
distribution of matter. To obtain such information let us return once more to 
our condition for a maximum of the relativistic expression for entropy 


s| am f ‘ovenrtdr|=0. (55) 
ri 


In using this equation to determine the distribution of temperature, we 
considered the result of varying the temperature as a function of 7, holding 
constant the number of molecules N; --- N, of each of the different com- 
ponents of the system in each spherical shell lying between r and r+dr. 
To determine the distribution of matter, on the other hand, we may hold the 
temperature constant and consider the result of varying the composition of 
the layers. As simple illustrations, we shall apply this method to a system 
consisting of a mixture of a perfect monatomic gas and radiation, both on the 
assumption that radiation and matter are interconvertible, and on the as- 
sumption that the total number of molecules in the system cannot be varied. 

For the proper density of entropy of a mixture of perfect monatomic gas 
and radiation, we may evidently write in accordance with well known 
equations 


CTS? 4 | | 
—+—aT* (56) 


v0 x 





do= Nok In 


where N, is the number of molecules in unit volume as measured in proper 
coordinates by a local observer, 7) is the proper temperature, k and a are 
respectively the Boltzmann constant and Stefan constant, and C is a constant 
so chosen that the starting points for the measurement of the entropy of 
matter and radiation will be in agreement. 

If now we vary the proper concentration of molecules No holding the 
temperature 7) constant, we obtain 


CT,?!? : -_ 
aC in—— — & } &Ne. (57) 
No 
On the other hand for the proper density of energy we evidently have 


Poo = Nome? + 3Nok To + aT! (58) 


® As a justification for the results of this section, my colleague Dr. J. Robert Oppen- 
heimer has kindly pointed out to me that the relation which I have obtained between tem- 
perature and gravitational potential is a necessary one if the Planck radiation law is to hold 
at different gravitational levels. 
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where m is the rest mass of one molecule and c the velocity of light,—mc? 
thus being the internal energy and (3/2)k7 the average kinetic energy per 
molecule. Hence, holding the temperature constant as before, and varying 
No we obtain 


5poo = (mce?+ 3k T)bNo (59) 


and by combining equations (57) and (59) we can express the variation in the 
density of entropy in terms of the variation in density of energy in the form 


kin CT,*!*/Ny — k 
Po = Spoo 


mo? + 3/2kT» 





or 
‘ (60) 
bdo = f (N 0» To) dpv0 

where for simplification we have written f(.No, 7») as an abbreviation for the 
coefficient of Spo. 

~ Since 6po0, however, can be expressed as a function of the metrical variable 
MM, we can now return to our equation (55) for maximum entropy and write 
as a condition for equilibrium 


ar f ‘[o¢0 e!2 +. 365 e34/2 Sul r’dr=0 
ri 
or substituting equation (60) 
> 
ar f [f(No, To)e*!? dp00 + Io e™!? 5u| r2dr=0 (61) 
rl 


and substituting in turn the value of poo in terms of the metrical variable 
give by equation (19) we obtain 


"2 1 2 py’ 
f | -sA No, Ta)et!? (su" + —av'+ Sv’) 
rl r 


n 


/ 
+ No, To)e*!* (w+ 4") bu + fiat esH/2 | redr=0. 
2 r 4 2 
Noting as in previous sections, however, that the variations are to be car- 
ried out in accordance with equation (31) which gives du’=6u=0 at 7, and 
fe, the first term in the integrand can evidently be transformed in the usual 
manner with the help of partial integrations, dropping terms that become 
zero at the limits, to a form depending on dy alone; and the second term in 
the integrand can be simplified by resubstituting equation (19) for the energy 


density poo. We thus obtain 


nf d? d 
f Fa S(No, Toer!*r? } — 2—{ f(No, Toe#!? r} 
r, Ldr? dr 


d , 
- <4 fio To)en!? r° - + 4x{2/(No, To) po0—3¢0} e!? r] dudr = 0 
r 
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and combining the first three terms this can be rewritten in the form 


f j Fate r “K No, ra + 4r | 2f(No, T 0) poo— 30} e®!? r] dudr=0. (62) 
ri r r 

This equation has resulted from an application of the condition for maxi- 
mum relativistic entropy under the subsidiary condition, given by equation 
(31), which satisfies the requirements of the energy-momentum principle. 
In case we assume the ready interconvertibility of matter and radiation no 
further subsidiary conditions need be introduced. On the other hand, if we 
are interested in what might be only a temporary condition of equilibrium 
reached in a length of time such that the total number of molecules could not 
change, we must evidently add as a further subsidiary condition 


) E f "No e%u/2 72 ar] =0 (63) 
ri 


where N, is the proper concentration of molecules and as we saw above 
4r e*'? r°>dr isthe proper volume in the spherical shell lying between r and 
r+dr. 

Performing the indicated variation, keeping of course the temperature 
constant as in the previous variation, and substituting the value for 5No 
given by equation (58), we obtain 





r2 e3#/2 3 
ar f | 5poo + — No e**/? in| redr=0. 
, Lme+(3/2kT = 2 


This equation, however, is of the same general form as (61) above, and can 
be treated by the same methods which led from (61) to (62), and will then 
evidently reduce to 


nd d 1 
Ieee L carta} 
r, Ldr dr \mce?+(3/2)kTo 


f 2 poo _ 
Vime?+(3/2)kTo 


Equations (64) and (62) may now be combined by the method of Lagrange 
to give us a single condition 


Si Ladeen Gl aan) 
,, Ldr dr mo?+(3/2)kTo 


ouo— 30 3nNa r] budr =0 








+ 49 3h em 3 r] dudr=0. (64) 








+4n42( No, To) + 
atin” +(3/2)kT» 
where X is a constant undetermined multiplier, whose value will be zero in 
case equilibrium between matter and radiation is established, since the 
additional condition (63) will then not be needed. This equation, however, 
can only be true for arbitrary variations dy, if the quantity in square brackets 
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is equal to zero. Hence, resubstituting the value of f(.Vo, 7o) given by equa- 
tion (60) we have as our final differential equation 
dj... .d@ kin CT*" No—k+h ) 


< eHle 


dr\ dr me?+(3/2)kT 5 f 








4 ' 3 ‘is VV > k In CT,* 2 No—k+A 
= 474 Shot JAN 9 — Z2—— —po 
] ' ' me*+(3/2)kT> 7 


9 


23, 
>ere 





r? (65) 


where \=0 in case the equilibrium between matter and radiation is estab- 
lished. 

We have thus obtained a second order differential equation connecting 
the thermodynamic quantities concentration No and temperature 7) with the 
coordinate r. We have already found in the previous section, §8, however, 
equations for 7) as a function of 7, and hence the present equation requires 
that No be such a function of 7) as not to disagree with the previous results. 
We shall then suggest as an expression for the dependence of No on 75 and 
hence implicitly on 7 


CT,*/? mec? 3 
kia——-—- £+az— +— 
No 0 2 


(66) 
or 


No = Ce |k-5 2T,3 2 e~ me2/kT, 
and test the suggestion by substituting into (65). Doing so, we obtain 
d d/1i 2po0 
and ol “(—) ~tes 3g0 + 3ANo — “P00 | a . 
dr\ TJS \ TS 


— 
r 
dr 0 


Comparing the first form of equation (66), however, with the expression for 
¢ given by (56), and introducing the expression for poo given by (58), we obtain 


d { eck d (—)| 4 pees b—3ANo+-4aT;! 
— gul2 2 [| —_ | SL ade ] —~3x\NV aTo 
=f dr To f \ 2 . ; ; 




















0 vA 
_  _Nome? ’ \ 
+3\No—2 —3Nok—2aT,* ( e*H!? x? 
0 
{ Nomc?+(3/2)Nok To t+aTo'+3(NokTo+(a/3) To) 
=4r e%#/2 7? 
\ 2 f 
(poo+ 3 po) 
=4r = Po erH/2 r. (67) 


0 


since the gas pressure is evidently Nok7>) and the radiation pressure 
3a7>'. And this equation is exactly the same as our general equation (50) 
for the dependence of temperature on the coordinate and metric as obtained 
in the previous section §8. Hence our suggested expression equation (66) 
for the dependence of the concentration on temperature can be accepted as 








= TS 
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satisfying the information previously obtained as to the dependence of tem- 
perature on the metric, and thus as a satisfactory solution of the problem of 
the distribution of a perfect monatomic gas in a gravitational field. 

It is also significant to point out that equation (66) can be subjected to 
another test, since this expression for the proper concentration of the gas 
makes it possible to calculate the partial pressure of the gas and by combining 
with the partial pressure of radiation, then examine the dependence of total 
pressure on the radius r to see if it agrees with the purely mechanical equation 
d po /dr = —(poo+po)v’/2, obtained in §4. And as a matter of fact equation 
(66) does lead to this result.'® 

Finally, it is interesting to compare the dependence of proper concentra- 
tion on proper temperature given by equation (66) with the result obtained 
for the equilibrium concentration in flat space-time by Stern'! and myself.” 
Taking the case where equilibrium between matter and radiation has been 
established, we have \=0 and equation (66) can be written 


No = (Ce*!?) To3!? e~ mes kT 


which agrees with my previous result as it stands, and agrees with the Stern 
result if we assign to the constant term (Ce*/*) the not necessarily correct 
value which Stern obtained for it. Hence the conclusion can again be stated, 
owing to the great magnitude of the negative exponent for reasonable values 
of m and 7, that the equilibrium concentration would be extremely small 
unless the constant term could be shown to have an enormous magnitude. 


$10. ConcLUSION 


In accordance with the special theory of relativity and the equivalence 
principle all forms of energy, including heat, must be regarded as having both 
inertia and weight, and the purpose of the present article has been to investi- 
gate, in as consequent a manner as may be, the thermodynamic implications 
of the notion that heat has weight. The most striking result of the investiga- 
tion has been the discovery of a definite relation connecting gravitational 
potential with the distribution of temperature throughout a system which 
has come to thermodynamic equilibrium. 

Qualitatively, the increase in equilibrium temperature which was found 
to accompany decrease in gravitational potential, may be regarded as due 
to the necessity of having a temperature gradient to prevent the flow of heat 
from places of higher to those of lower potential energy; and quantitatively, 
a first approximation to the magnitude of this temperature gradient was 


10 It may seem strange that this purely mechanical equation holding within the interior 
of the system should be derivable from the application of thermodynamics to the system as a 
whole. The result, however, is the relativity analogue to the equation for change in pressure 
with height obtained by Gibbs (“Scientific Papers,” Longmans, Green 1906, equation 230, 
p. 145) in his thermodynamic treatment of the conditions of equilibrium under the influence 
of gravity. Indeed the whole treatment of this article may be regarded as the relativistic ex- 
tension of this part of Gibbs’ work. 
1 Stern, Zeits. f. Elektrochem. 31, 448 (1925); Trans. Farad. Soc. 21, 477 (1925-26). 
2 Tolman, Proc. Nat. Acad. 12, 670 (1926). 
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obtained by modifying the classical thermodynamics merely by ascribing to 
each given intrinsic quantity of energy the right additional quantity of po- 
tential gravitational energy. For a rigorous treatment, however, it was 
obviously necessary to investigate the whole problem from the standpoint of 
general relativity, and this was done using the extension of thermodynamics 
to general relativity which I have previously given. In this way it was 
possible to obtain what appears to be a rigorous equation connecting 
equilibrium temperature with gravitational potential. In addition in the case 
of black-body radiation it was possible to test the thermodynamic method, 
since the same temperature distribution in the case of this simple system 
was also obtained by the use of relativistic mechanics, without the necessity 
for the use of the new relativistic thermodynamics. 

This discovery of a dependence of equilibrium temperature on gravita- 
tional potential must be regarded as something essentially new in thermo- 
dynamics, since uniform temperature throughout any system which has 
come to equilibrium has hitherto been taken as an inescapable part of 
thermodynamic theory. The new result hence has a very considerable the- 
oretical interest, and even though the effect of gravitational potential on 
temperature may usually be extremely small the result may sometime be of 
experimental or observational interest. 
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ABSTRACT 


A calculation based on classical electromagnetic theory is made of the intensity 
of the x-rays scattered by an atom in which the electrons are arranged with random 
orientation and with arbitrary radial distribution. Conversely an expression is derived 
for the radial distribution of the electrons in an atom, assuming that they have random 
orientation. This expression has the form of a Fourier integral, which can be evaluated 
from observed intensities of the scattered x-rays for different wave-lengths and angles. 

A comparison of this calculation with Wentzel’s quantum theory of x-ray 
scattering suggests the introduction of a certain correction factor to express more 
nearly the intensity of the modified rays. It is also noted that the interpretation 
of yy as a probability of the occurrence of an electron leads to the correct value for the 
intensity of total scattered x-rays. 

As an example of the application of the new method of calculation, Barrett's 
experimental data for the scattering of x-rays by helium are analyzed to give the 
distribution of the electrons in the helium atom. The resulting distribution is in close 
agreement with the value calculated by Pauling on the basis of wave mechanics, 
but differs by more than the probable experimental error from the electron orbits 
given by Bohr’s theory. 


1. INTRODUCTION 


T IS well known that the intensity of the x-rays scattered at small angles 

may be considerably greater than is anticipated on the assumption that 
each electron in the scattering material acts independently of the other elec- 
trons. When the scattering of x-rays by solids and liquids is considered, at 
least a part of this “excess scattering” may be ascribed to the interference 
between the rays scattered by neighboring atoms. In the case of gases, how- 
ever, such interference is negligible, since the phases of the rays scattered by 
neighboring molecules are random. It has nevertheless long been recognized! 
that groupings of the electrons in the atoms themselves should result in some 
excess scattering in the forward direction. Calculations of the intensity of the 
scattered x-rays for typical electron distributions have in fact been made by 
Debye,” Schott,’ the writer,‘ Glocker’ and others. The converse problem of 
determining the electron distribution corresponding to an observed angular 


1D. L. Webster, Phil. Mag. 25, 234 (1913); C. G. Darwin, Phil. Mag. 27, 325 (1914). 
2 P. Debye, Ann. d. Physik 46, 809 (1915). 

3G. A. Schott, Proc. Roy. Soc. 96, 695 (1920). 

«A. H. Compton, Washington University Studies, 8, 98 (1921). 

® R. Glocker, Zeits. f. Physik 5, 54 (1921). 
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distribution of scattered x-rays has not however been attempted. We shall in 
the present paper obtain a solution of this problem which applies to certain 
important cases, and illustrate its application by determining the electron 
distribution in atoms of helium. 

Because of the very important information which can thus be obtained 
regarding atomic structures, the problem would doubtless have been long ago 
pressed to a solution had it not been for an obstinate theoretical difficulty. 
Calculations of the effect of interference on the intensity of x-ray scattering 
are based upon the classical electron theory and electrodynamics. In the 
course of these x-ray diffraction studies, however, it became evident® that these 
classical theories are inadequate to supply a complete solution of the problem 
of the intensity of scattered rays. The problem was accordingly “laid on the 
table” until a new quantum dynamics should be developed which would be 
able to supply a more reliable solution. Recently Wentzel’ has shown how the 
wave mechanics may be applied to this problem, and from his discussion it 
appears that the classical electron theory itself should give results which are 
not greatly in error. 

In the meantime, closely allied problems have been successfully attacked 
on the basis of classical electron theory. In our studies of the diffraction of x- 
rays by crystals, which is of course only a special case of the general problem 
of x-ray scattering, application of the usual wave theory has enabled us to 
arrive at satisfactory arrangements of the atoms in the crystals, and has re- 
cently been used to determine also electron distributions in the atoms.* We 
have every reason to believe that the information supplied by this work 
regarding atomic arrangements is reliable, and even the electron distributions 
found by its use are too satisfactory to admit any major error in the method 
of analysis. Similarly the classical wave diffraction theory has been success- 
fully applied to the x-ray study of molecular shapes and sizes of liquids,’ and 
very recently also to the study of interatomic distances in gaseous molecules.'” 
We are thus encouraged to undertake again a more detailed analysis of the 
scattering of x-rays by gases, on the basis of classical theory. The results of 
this analysis will then be compared with Wentzel’s conclusions, to see what 
modifications are necessary in light of quantum mechanics. 


2. INTENSITY OF THE X-RAYS SCATTERED BY A GROUP OF ELECTRONS 
HAVING A RANDOM ANGULAR DISTRIBUTION 


Let us suppose that an atom has Z electrons whose distances from the 
nucleus are at any instant 7“, 7°: -7;, and whose angular distribution is 
random. We imagine that this atom is traversed by an x-ray wave propagated 


¢ A. H. Compton, Bull. Nat. Res. Council No. 20, p. 10 (1922). 

7G. Wentzel, Zeits. f. Physik 43, 1 and 779 (1927). 

8 For summaries of the latter work, cf, e.g., A. H. Compton, “X-rays and Electrons,” 
Chapter V, or W. L. Bragg, “Electrons et Photons,” report of the Fifth Solvay Congress, 
Paris (1928). 

® For a summary of this work, cf. e.g., G. W. Stewart, Phys. Rev. Supp., Jan., 1930. 

10 P, Debye, L. Bewilogua and F. Ehrhardt, Phys. Zeits. 30, 84 (1929); Ber. Sichsischen 
Ak. d. Wiss. zu Leipzig 81, 29 (1929). 
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along the X axis, and that the forced oscillations of the electrons give rise to a 
scattered wave at an arbitrary distant point P at an angle ¢. If A, is the am- 
plitude of the electric vector and 6 the phase at P of the wave scattered by an 
electron coincident with the nucleus, the electric vector due to the nu‘ elec- 
tron in the group is (Fig. 1), 

















Fig. 1. 


E, = A, cos 15 — (2r/X)2r,, cos a, sin (¢, 2)} . (1) 


where 27, cos a, sin (¢/2) is the total difference in path" between the ray 
scattered from e, and that scattered from O, and a, is the angle between 
Oe, and the line OQ which bisects the angle — YOP. Equation (1) may be 
written 


E, = A. cos (6 — x,), ( 


to 
— 


where 
X, = (42r,/Xd) cos a, sin (¢/ 2). (3) 


The total electric vector due to all the electrons in the atomic group is then, 
z Z 

E= DE, = A. > cos (6 — »,). (4) 
1 1 

Let us choose the origin of time such that the phase of the wave scattered 


from O is 6=pt, where p= 27+ is the phase frequency of the incident wave. 
The electric vector at the instant ¢ is then, from Eq. (4), 


Zz 
E = A e z cos (pl _ Xn) 
1 


Zz 
=A, >> (cos pt cos x, + sin pt sin x,). (5) 
1 


" Cf. e.g., A. H. Compton, “X-rays and Electrons,” p. 385. 
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The intensity of the scattered ray at this instant is however proportional to 
E?*, say bE’, or, 


z 2 
I; = bA af >> (cos pt cos x, + sin pt sin x) ‘ (6) 
1 
When this expression is averaged over a complete cycle, from t=0 to t=27/p, 
all the terms in the summation disappear except those of the form 
COS Xm COS X, + SIN Xm SIN Xp, 


and we find for the intensity averaged over a cycle, 


I, = <i J a Eco Xm COS X, + SIN Xp SiN X,). (7) 
For a single electron, this becomes 
I, = 3bA,?. (8) 
As Thomson has shown,” for unpolarized x-rays 
I.= wine + cos’ ¢), (9) 
2m? R?c4 


where J is the intensity of the primary beam traversing the electron, e, m and 
c have their usual significance, and R is the distance from O to P. Equation 
(7) may thus be written, 


. - 
I,=TI, se >> (cos Xm COS X_ + SIN Xm SIN Xp). (10) 
1 1 


Since we have assumed that the electrons have random angular distribu- 
tion, we must now average this intensity over all angles a,. The probability 
that any a will lie between a and a+da is for random orientation } sina da. 
Writing then 


Xn = 2, COS Ay, (11) 


where 


(4mr,,/d) sin (¢/2), (12) 


the probable contribution to the intensity due to the orientations a, is 


Zn 


i 
dl, = 14 Dd: Domunt [cos (m COS Om) COS (Zn COS On) 


1 1 

+ sin (Zm COS Gm) SiN (Zp COS an) | X Sin am SIN Ondamda 
Zz 

+ > [cos? (Zn COS an) + sin? (zn COS ap) } sin cada . 
1 


12 J, J. Thomson, Conduction of Electricity through Gases, 2nd Ed., p. 325; or cf. “X-rays 
and Electrons,” p. 60. 
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Integrating over all values of a», and a, this takes the simple form, 
. 

I, = 142 +2, Law 
1 1 


Equation (13) represents the scattering by electrons arranged at fixed 
distances 7, 2 - - - from the nucleus, but with random orientations. 

As an example of the application of this formula, consider the case of an 
atom with two electrons, both at a distance r=a from the center, but with 
random orientations. We may write — (13) in the form 





Sin Zm Sin = 


(13) 


m Zn 


Be SiN Zm SiN 2, 








= = 1 “6 14 
tt. =D Dee — (14) 
which in the present case becomes, 
sin Z,\? 
-1+(=*). (15) 
Za 


A graph of this expression is shown in Fig. 2 by the solid line. This may be 
compared with scattering by two electrons separated by a fixed distance 2a, 
which is given by the expression™ 


sin 22, 


S=1+ 
226 





) (16) 


and is represented in the figure by the broken line. 


a 
- 





-=- 
—d oN 
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Fig. 2. Relative scattering per electron for an atom of two electrons. Solid line, both 
electrons at radius @ and random orientation. Broken line, electrons at opposite ends of 
diameter_2a. 


43 P. Debye, reference 2, or “X-rays and Electrons,” 





p. 72. 
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If the probability that any one electron shall lie between r and r+dr is 
u(r)dr, and if this probability is the same for every electron, we have, 


sin kr», sin kr, 
dl, = 1\Z +> a urn)u(r)drndra , 
eT mln 
where 
k = 2m/fm = (42/X) sin (@/ 2). (17) 


Since “(r,,) assumed the same for all electrons, the integral of this expression 
may be written, 


sin kr : 


=/.Z7Z+1, z es | u(r)— Tat s 
) ‘ br { 


where a is the maximum radius of the atom. 
Since 


Z Z 
De Limenl = 2? -Z, 
l 1 


j ; e sin kr *\ 
le=1.4.2+ (2° —2Z) f u(r) ———dr| >. (18) 
] : be f 
For the relative scattering per electron we thus have 
i. sin kr \ : 
S = — = 1+ (Z — 1): on 1 ( a ad (19) 
ZI. ) f° 


Expressions (13) or (18) may be applied to calculate the intensity of 
the rays scattered by an electron group, according as the electrons are at 
fixed distances from the center of the atom, or as they have a continuous 
radial distribution. 

According to equation (18), 7, should never fall below Z/,, since the term 
representing the interference is always positive. In this respect our calcula- 
tion differs from that of Debye,’ who considers electrons at fixed distances 
from each other, of which equation (16) is the simplest example. 


3. COMPARISON WITH RESULTS OF QUANTUM MECHANICS. 


Wentzel’s equation (3a) for the intensity of the modified scattered rays" 
may be written in the form 


sin kr 
Sean ™ I. i) Lider,’ a? ir! , (20) 


where >>p,=>_U»,2 the electrical charge distribution in electronic units, the 
subscript indicating the xt quantum number. Noting that > 47r’p,, is 
numerically equal to our Zu(r), this may be written 


leam = “ " at f uae ; a0 


be 
4G. Wentzel, reference 7, p. 781. 
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His equation (4a) for the intensity of the modified scattered rays (uncorrected 
for the change of wave-length) may similarly be written 


' sin kr 2 
Tmoa ™ tien >| far, ar] \ (22) 
] kr f 





The total intensity of the scattered rays thus becomes, 


I, ans | + | 


; (23) 
e sin kr “|? sin kr “| 
=1.,2 -> 4rr-p, ——dr| +2 u(r) —— dr 
\ kr kr 
This expression becomes identical with equation (18) if 
dar*p, = u(r). (24) 
We have noted above that 
Zz 
> 4rr’p, = Zu(r), (25) 
1 
whence relation (24) holds if 
Zz 
d4er°p, = Z-4ar°p,, (26) 


1 


i.e. if the charge distribution for every electron is the same. This is precisely 
the assumption on which equation (18) is derived. Wentzel, in his numerical 
calculation of equation (22) takes 


Pn = My? (27) 


as the charge density for the mth electron, instead of 
Zz 
pn = (1/Z) 90,2, (28) 
l 


which is the equivalent of (26). This introduces a slight difference between 
the results of his calculation and that of ours. It would seem however that 
relation (28) is in better accord with present interpretation of quantum 
mechanics than is (27), and if its validity is admitted, our classical equation 
(18) becomes identical with Wentzel’s quantum equation (23). 

This comparison shows that if we interpret }- .dxdydz as the electric 
charge in the volume element, the scattering which we calculate is the un- 
modified scattering (eq. 21). If, however, we intrepret it as the probability 
that a discrete electron will be present in the volume element, as we have done 
in deriving equation (18), we calculate the /ofal scattering. Since the total 
scattering is experimentally observed, it would seem that the latter interpre- 
tation has the better physical justification. 

In his derivation of equation (22), Wentzel has assumed the limiting case 
of very long wave-lengths, for which the scattering by a free electron is identi- 
cal with that calculated on the classical theory. For shorter wave-lengths 
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Breit’ and Dirac'® have shown that the intensity of the modified rays from 
free electrons is reduced in the ratio 


Tmo d\3 

—— = [| —} = (1 + 7 vers @)*, (29) 
Tectass d’ 

where A and X’ are the wave-lengths of the primary and the modified ray re- 

spectively, and y=h/mcd\. We may accordingly expect to get a closer ap- 

proximation to the intensity of the modified scattering if we multiply equa- 

tion (22) by equation (29), or using the equivalent part of equation (18), 





Imoa = ZI (1 — F?/Z*)(1 + y vers ¢)-*. (30) 
Similarly"’ 
Senm = if*, (31) 
where 
e sin kr 
Fs z{ u(r) dr, (32) 
0 kr 


which is identical with the so-called “atomic structure factor.” 

A convenient method of comparing the experiments with the theoretical 
calculations is thus to multiply the observed intensity of the modified rays by 
the factor (1+7 vers ¢)’, and add to the observed intensity of the unmodified 
rays. The resulting value 


iy _ Tmoa(1 + Y cos o)3 + | Pa (33) 


may then be compared directly with the value of J, derived by the classical 
equation (18). 


4. ANALYSIS OF SCATTERING DATA TO DETERMINE 
RADIAL ELECTRON DISTRIBUTION 


If the distribution of the electrons is spherically symmetrical, as we have 
assumed, we may represent the probability that an electron will lie between 
rand r+dr by a Fourier sine series of the form, 


u(r) = Ayrsin wr/a + Aor sin 2ar/a +--+ + A,rsinumr/a + ---- (34) 


Substituting this value of u(r) in equation (19) we get, 


9 


C) a An r 
S=1+(Z- vf a — sin (nx *) sin (Ar) , (35) 
1 o ik a 


If the scattering J, is evaluated for k =nz/a, i.e., by equation (17) for 
sin (¢/2)/A = n/4a, (36) 


6G, Breit, Phys. Rev. 27, 242 (1926). 

1% P. A. M. Dirac, Proc. Roy. Soc. 111, 405 (1926). This relation (29) presumably does 
not hold for wave-lengths so short that the velocity of the recoil electron approaches c. In 
this case the formula of Klein and Nishina presents a closer approximation. 

17 It is interesting that the ratio Imoa/Junm is expressed by equations (30 and (31) in terms 
of interference. It was early suggested by the writer (Phil. Mag. 46, 910 (1923) ) that this 
ratio might be thus expressed, as an alternative to the more obvious description developed later 
by Jauncey, in terms of the ratio of the energy of recoil of the scattering electron to its binding 
energy in the atom. Wentzel’ shows that equivalent expressions of the ratio J4/Jm may be 
made in terms of either interference or energy of recoil. 
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where a is an assumed maximum radius, all integrals in the sum of equation 
(35) vanish except the mth, giving 





S=14+(Z »| = ae ] (37) 
— 4p”) 
Thus 
2k (S, — 1) 12 
A,= + =| t (38) 
al\Z — 1 


Corresponding to each value of S, we thus determine the mth term of the 
Fourier series (34), and thus eventually the value of u(r). 

Our series (34) has in it an arbitrary radius a, and in evaluating the series 
the data for only certain arbitrarily chosen values of k are employed. If this 
arbitrary radius is made large, the values of k which are used come closer 
together, and our series approaches the Fourier integral, 


u(r) = rf B sin (rrx)dx, (39) 
0 
where 
« = n/a = (4/2) sin (¢/2), (40) 
according to equation (36), and 
S,—1) 1 
B=A a= 2nx{—— | ; (41) 
Z-1 


If instead of the probable position of a single electron, we wish to find the 
probable number of electrons between r and r+dr, we have only to multiply 
u(r) by the number of electrons per atom, giving by equation (34) 


U(r) = Zu(r) = Zr vA, sin mrr/a, (42) 
or by (39), 
U(r) = zr f B sin (arx)dx. (43) 
0 


It is interesting to compare equation (42) with the similar series express- 
ing the radial distribution of electrons in the atoms of a crystal," 


0) «te Set. ta to (44) 
rf) = — nf, Sin eo - 
i =) 


We note that a of equation (42) corresponds to D/2 of (44), since both quanti- 
ties represent the assumed outer limit of the atom. The series are accord- 
ingly identical if 27(r/a*)nF, = ZrA,. Using the value of A, given by (38), 
and noting that D = 2a = (n\/2) sin 3¢, this means that 


S.-—1)!? 

— z\—=——\ (45) 
Z-1 

This expression enables us to compare the “F” curves obtained from crystal 

reflection with the data given by scattering experiments. 


18 A. H. Compton, “X-rays and Electrons,” p. 164. An integral identical in form with 
(43), but representing the electron distribution in atoms of a crystal, has been given by G. E. 
M. Jauncey and W. D. Claus, Phys. Rev. 32, 20 (1928). 
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5. Tests oF THE METHOD OF ANALYSIS 


Before applying equation (43) to the interpretation of experimental data, 
it will be of interest to study its application to certain cases where the solu- 
tion is known. 

a. Consider the intensity distribution described by equation (15). From 
equations (15) and (41) we have 


B= + (2/a) sin rea. (46) 
Substituting this value in (43), since Z = 2, 
U = 4+r/a) sin (wax) sin (arx)dx. (47) 
“0 


This integral is zero,'® except when r=a, in which case its value becomes in- 

finite, indicating a concentration of the electrons at the distance r=a from 

the nucleus, in accord with the original assumption on which (15) was based. 
b. An atom of four electrons, each of whose probability of lying between 

r and r+dr is u(r) =2r/a? between r=0 and r=a, and is zero beyond r=a. 
By equation (19) we find, 


{ 2(1 — cos mxa)) : 


S =1+ 3¢ —————_ , (48) 
\ Tr xa? f 
From (41) then, 
4 
B= + ——(1 — cos rva), 
rxa- 


and equation (39) becomes, 
r * sin mrx * cos Tax sin wrx \ 
u(r) = 4— —— dx - ——_————dx>. (49) 
a 0 Tax 0 TAX f 
The value of the integrals is?° 1/2a for [r < a], and 0 for |r > a], whence 
u(r) = 2r/a? Ir<al, (50) 
0) [lr > al, 


as initially assumed. 

These tests check the accuracy of the mathematical analysis. They of 
course say nothing, however, regarding the validity of our physical assump- 
tions of spherical symmetry and of independence of the positions of the various 
electrons in the atomic groups. 


6. ELECTRON DISTRIBUTION IN HELIUM 


The formulas that have been developed above are directly applicable only 
to the scattering of x-rays by gases, in which case the interference effect due 
to neighboring molecules is negligible. In the case of the noble gases we are 
also free from interference between adjacent atoms, since the gases are mona- 

19 At any point when 7 ~a the integral is strictly speaking indeterminate; but its average 


value over a finite range of x is zero. 
20 B. O. Peirce, “A Short Table of Integrals” (1910) nos. 484 and 485. 
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tomic, and according to current theories the probable electron distributions 
should be spherically symmetrical as we have assumed in our calculations. 
Fortunately recent experiments by Barrett! supply sufficient information re- 
garding the scattering by helium to yield valuable information. 

In Barrett’s Fig. 7 he compares the scattering by helium with that by 
hydrogen, which he finds identical with that calculated from the Breit-Dirac 
quantum formula for the range investigated. With an effective wave-length 
of 0.49A, he finds that helium and hydrogen scatter equally, within experi- 
mental error, at angles greater than 60°, but that at 40°, 30° and 20° the scat- 
tering by helium is greater by the ratios 1.025, 1.08 and 1.26 respectively. 
These values are indicated by the circles in Fig. 3, where S=J,/ZJ, is plotted 
against x. At sufficiently small angles the phase difference between the rays 
from the two electrons in helium must be negligible, in which case our theory 
demands that the value of S must approach 2. For small values of x the phase 




















05+ 
0 | | | ! 
0 / 2 7 wap? 2 


Fig. 3. Solid line, relative scattering by helium, based on Barrett's data (circles). Broken 
line, calculated scattering by Bohr type helium atom. 


differences are small quantities of the first order; but the amplitudes, being 
proportional to the cosines of the phase differences, are affected only in the 
second order of small quantities.*”? Thus the S curve must leave the x =0 axis 
parallel to the x axis, and must initially be of a parabolic form.” We can 
thus interpolate the S curve between x=0 and x=1.4 with some degree of 
assurance as indicated by the solid line. ; 

This S curve can be transformed into a B curve by the help of equation 
(41), giving the result shown in Fig. 4. Here again the values given by the 
experimental data are shown by the circles. 


2 C.S. Barrett, Phys. Rev. 32, 22 (1928). 

2 This may be seen by finding the maximum value of E from equation (5) for small values 
xn. This maximum is unaffected to the first power of x,, but is reduced by terms containing x,?. 

23 These conclusions are valid only if the atom is not of infinite extent. 
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For values of x greater than 3 the experiments suggest that B gradually 
approaches zero.*4 The values of the integral U are not much affected by the 
exact manner of this approach as long as it is slow and continuous. For con- 
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Fig. 4. 
venience, therefore, we may assume that beyond some arbitrary value of x, 
say x, B may be expressed by 
B = be? [x > x]. (51) 
In order that at x =x, the values of B and dB/dx shall be continuous, we must 
have 


1 dB | 
a= (— =) (52) 
B dx/z 
and 
b = Bye** (53) 


In order to evaluate U(r) for a definite value of r we must determine the 
integral, 


} = f-2 sin (rrx)dx. (54) 
This may be separated into two ai 
>, = fo2 sin (rrx)dx, (55) 
and " 
d, = f-2 sin (rrx)dx. (56) 


1 


* B must approach zero for large values of x unless the electron density at the center of 
the atom is infinite. 
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The first part ©, may be evaluated graphically, by plotting B sin (rrx) for 
various values of 7, as indicated by the dotted lines of Fig. 4, and integrating 
from O to x; with a planimeter. 2, may be determined by substituting in 
equation (56) the value of B given in equation (51) and integrating, which 
gives 





asin rrx, + tr cos mrx, 
, = B, . (57) 
a + rr 
From Fig. 4 we find for helium, if x,=3, B,;=2.36 and a=0.46, whence the 
value of ®, may be determined for any desired value of r. 
As typical examples, we have the following values (Table I): 














TABLE I. 

r ?, ?, b$=9%,+4, U=Zre 
1.125A 5.75 1.64 7.39 1.85 
0.25 8.16 —0.42 7.74 3.87 
0.5 3.14 —0.35 2.79 2.79 
1.0 0.86 —0.70 0.16 0.32 








The resulting values of U plotted against r are shown in Fig. 5 by the solid 
line. 
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Fig. 5. Radial electron distribution in helium. Solid line, based on Barrett's x-ray scat- 
tering data. Broken line, Pauling’s calculation from wave mechanics. a@=radius of Bohr 
orbits. 


It is of great interest to compare the “observed” distribution with that 
calculated theoretically. According to the Bohr-Sommerfeld theory, the elec- 
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trons in helium should both traverse approximately circular orbits with unit 
angular momentum, the radius of the orbits being given by 


a = h?/|4rte?m(Z — s)]. (58) 


oo 


where 4, e, m and Z have their usual significance, and s is the “screening 
constant” of each electron on the other, having a value® of approximately 
s =0.39. Using the usual values of the constants, we thus find a=0.33A. It 
will be seen that this value falls very close to the radius of maximum electron 
density as shown in Fig. 5. 

If we assume that the two electrons are on a spherical surface of fixed 
radius r=0.33A, the intensity of the scattered rays should be given by 
equation (15). The values of s thus calculated are shown by the dotted line 
Fig. 3. The differences between this dotted curve and the experimental points 
are considerably greater than the probable experimental error. Yet it is not 
impossible that a combination of heterogeneous x-rays such as Barrett used 
and the presence of incoherent rays (Compton scattering) at the large angles 
might flatten out the dotted curve to resemble the experimental one. 

The distribution found from this analysis of Barrett’s scattering data is 
however in striking agreement with that calculated on Schrédinger’s wave 
mechanics. Thus Pauling® has shown that the radial electron distribution in 
helium can be expressed to a close approximation by 


U(r) = Zr?X?, (59) 
where for helium in the normal state he finds, 


Z —s§ 3/2 
X = %9 = —2 — e~é/2 (60) 


ag 





dy = h?/42°e?m = 0.534, 
2 


N 


s = screening const = 0.39 
E = 2(Z —_ s)r/dg. 


Substituting these values in equation (59) we get the U curve shown by the 
dotted line of Fig. 5. The striking similarity between this distribution pre- 
dicted by the quantum theory and that coming from our interpretation of the 
scattering experiments is the more convincing when it is noted that there are 
no arbitrary constants available to make the two curves correspond. This 
agreement is a strong argument in favor of a continuous electron distribution, 
as predicted by the wave-mechanics, as opposed to the Bohr quantum 
theory of definite orbits. 


*6 Cf. e.g. L. Pauling, Proc. Roy. Soc. A114, 181 (1927). 
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TWO NOTES ON THE PROBABILITY OF RADIATIVE 
TRANSITIONS 


By J. R. OPPENHEIMER 
NoRMAN BripGE LABORATORY, PASADENA 


(Received March 4, 1930) 
ABSTRACT 


In 1 we compute the rate at which electrons and protons should, on Dirac's 
theory of electrons and protons, annihilate each other; this gives a mean life time 
for matter of the order of 10~'® sec. 

In 2 we compute by Dirac’s radiation theory the relative probability of radiative 
and radiationless transitions; we obtain an expression substantially equivalent to 
that derived by Heisenberg and Pauli. 


N ELECTRON satisfying Dirac’s linear wave equation will very rapidly 
lose energy to the electromagnetic field. If the electron is free, it must 
lose this energy by radiating at least two quanta, in order that energy and 
momentum may be conserved in the process. If the electron is bound, e.g. 
in an atom, transitions in which only one quantum is radiated can occur, 
since there are then other particles present which can take up the necessary 
momentum. But these transitions are rare compared with the two-quantum 
transitions, which, as is well known, may be expected according to the theory 
to occur at an infinite rate. Now Dirac has suggested! that the reason why 
these transitions do not in fact occur is that the states of negative energy are 
filled; and this suggestion leads to a satisfactory understanding of the validity 
of the scattering laws derived from his wave equation. But according to Dirac 
not all of the states of negative energy are full; there are a few gaps in the dis- 
tribution for negative electrons nearly at rest; and thus transitions to states 
of negative energy should not be quite excluded. Dirac further suggests that 
the empty states of negative energy are protons; and thus the filling of these 
states should correspond to the annihilation of an electron and a proton. This 
should occur very rarely; and if Dirac’s suggestion were correct, we should 
expect to find a very small value for the corresponding transition probability. 
In this note we shall compute this transition probability on the basis of the 
present theory. 

This computation cannot be made theoretically unique and certain until 
the grave difficulties introduced by the inequality of electron and proton 
masses are resolved; and this resolution seems to demand an essential ad- 
vance’ in the theory. The chief ambiguity for the present work arises from the 
fact that the energy radiated by the conversion of a stationary positive elec- 


1P, A. M. Dirac, Roy. Soc. Proc. A126, 360 (1930). 
* J. R. Oppenheimer, Phys. Rev. 35, 461 (1930). 
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tron into a stationary negative electron is 2 mc?; whereas the energy liberated 
by the annihilation of a stationary electron and a stationary proton should be 
(m+ Mp)c*?. We shall make the computation without explicit recognition of 
the difference in mass of electron and proton; this gives a transition probabil- 
ity which is absurdly large, and which is not appreciably reduced by the sub- 
stitution of m+ Jp for 2m in the final formula. 

Let us consider for definiteness an enclosure of volume V in which there is 
one free electron, and one gap in the negative energy distribution; and let 
both the electron and the gap be at rest. If electron and proton have in fact a 
relative velocity v, then our result will be in error by terms of the relative 
order (v/c)*. For the wave equation of the electron we write 


' W/e + agme + (h/2ri) lay (d, Ox) + ax(d,dy) + as(d, dz] \y = 0) (1) 


We take the matrices a,(ec) | in the form 


0 oO O 1! 00 O fF 
0 oO 1 O a 0 0-i O 
ex(p0)|| = ; lex(eaf =) 
0 1 0 O 0 i 0 0 
10 0 Oj] i-i_ O O O 
(2) 
(O O 1 OF i 10 0 OO] 
l (va) | 1/0 O O-1 ‘ YI | 01 0 0 
a: po | =i i> | Qg( pao )) = 
~—" Fe © @ Of iii 00-1 O 
i || 
| 0-1 O Oj] i oO 0 O-—-1 


The normalized solutions corresponding to momenta #, g, 7, and energy IV 
given by 











W/o =ne+pP+getr (3) 
may then be written 
¥3* = 0; 
(me + W/c)e2tt/h(ertautrs) 
me + Wee + P+ gee ep 
: — (pt ig)e2ti/A(petaytre) 
= [(me + W/c)? + P+¢ggt y]iepue 
pe2tilh(prtaqutrz) 
wasine [ (me + W/c)? + p? + g? + r?)teyue 
and 
yi = 0; v3 = par 


2 4) 
VP = — 2%; Yh = pt. ' 


The two wave functions for a and £ give electrons with spin oriented parallel 
and antiparallel respectively to the z axis. 








ES 




















RADIATIVE TRANSITIONS 941 


For the initial state of the electron we take 
W = Eq = Ivy = me?; Wy = Po” = 0; 39 = e27*7(2V)—-1/2; Ya? = (2V)—1/2 (5) 
similarly for the final state we take 
W = Ee = — hy = —mec*; 3° 
Yat = e28 (QV); vet = (2V)-¥2, 


Here y and 6 are independent indeterminate phases; if in the final results we 
average over these, we shall have assumed random orientations for the spins 
of both initial and final states; and with this understanding both (5) and (6) 
may be regarded as spherically symmetric. 

We shall need also the wave functions for states with 


ll 
< 
—_ 

eo 

II 

—_) 


(6) 


p=¢q=0;r=+mc; W = + (2)'?me?. 
These are 
_ rert2rimez/h (1 + (2)1/2) et2rimes/h 
c= 


t= e=(); es . ; pare: 
We BS ES ea = Qe? "aaa s apap 











and 


yi = 3% = 0; p% = — fit; Pe = Ys". (7) 


Initially there is to be no radiation present; the electron is in the state 
(0). The probability amplitude at a later time ¢ that a quantum of frequency 
v, momentum p, and electric vector polarized along the unit vector e¢, shall 
have been emitted, and that the electron shall have jumped to a state’ of 
momentum P, energy /7, and polarization of spin t =a, 8, is then 

= e2ti(vtr—vo)t 


o(p,e; P,d,7) = — v(0; p,e,¥,7) . (8) 
Vv + V— Vo 





Here v(0; p, 2, 7, tT) is the matrix component for the transition in question of 
the interaction energy between the electron and the light quantum field. This 
vanishes except when P = —p, and for P= —p has the value 


3 
ec(2r/vhl)' ( ps €;aje7 77" ee )o, DB, P,7r; with p72, = "yo? +7y? (9) 
l=1 
where 
3 
( > cyer2ine-e 0; ¥,P,r 
l=1 
is the matrix component corresponding to the electronic transition 
(0) as (v,P,7) 
of the component of the vector 


ae~27t/A@®. 2) 


parallel to e. 
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The probability amplitude that the electron should have jumped to state 
(e), and that a second quantum of frequency v’, momentum p’, and polariza- 
tion along e’ should have been emitted, vanishes except when p’ = —p=P, and 
for p’=P has the value 








Ire-c" j 1—e2tivr- vt 1— ett” )t \ 
¢(p,e,p’,e’;¢) = —— ’ sl te 


hvV vy—D— v% 2(v — vo) 


with 


3 3 
_ ) 2ri/h(p.r) , 2ri/h(p.r) 
= ) €;aie €; ae 
t ez] Ow Pr, l=1 v,Pyree 


v 


3 3 
+( de/aye2* a) ( DY ese” Qri ee) trv) (10) 
l=1 00,P,r l=1 0,Prie 


This grows large only for y~vo, 7» +(2)'yo; and here the first term in the 
bracket may be neglected. 

To evaluate >> for v=», 7= +(2)""yo, we may without loss of generality 
take p along 2, since both initial and final wave functions are effectively 
spherically symmetric. We may further take, again without loss of generality, 
e along x. There are then two cases to consider, with e’ along x and along y 
respectively. For these cases we have in turn 


p> = > 2 ) ili i fav » he? Pte Mike n ‘aon yn" 


v=+(2)! %, t=a,B 
j r Cp2wilevy2 Jato, p)\ il 
‘J di Diver ‘omar f (11) 


r aylo, ) ; 
+4 fav Die renien) p ek 1 dV X Yo%e sriersea(osoetet | 


las(o »~P 


If we use (2) and (7) this gives us 


>> = 0 for e’||x 


12) 
D = (— i/2vo)(1 + e2**-®) for e’|ly. , 


From this we conclude that the probability of an emission is proportional to 
the square of the sine of the angle between the electric vectors of the two 
quanta. 

Now there are 2v,?(V/c*) components of the radiation field per unit solid 
angle per unit frequency about vo; the direction of propagation of one quan- 
tum can vary over a hemisphere; but when this is fixed polarization, fre- 
quency and direction of propagation of the other quantum are determinate. 
Thus we get.the total chance of an emission at time ¢ by integrating the 
absolute value of the square of ¢ (averaged over y and 4) over a hemisphere of 
solid angle and all frequencies, and multiplying by 27,?(V/c?); thus 
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5 is far f d\ op. — p,e’;e)|? 
p.e 


4darve?V etct + 4r? 1 f dv | 1 — ett (y-mt |2 
0 














ra h?yo?V? 20? 4(v — vo)? 
167*e4c *1-—cosx 
= {- —- —— dx (13) 
h?v,7\ -_— x? 
167°e! 
mc} 


The mean life time of an electron in a proton density of mp protons per 
unit volume is thus 





: m4 5x10" 
T= ~ — sec. (14) 
167*e!np Ny 
It should be observed that the retention of the terms for #7 = — 2!/*v, in the 


-expression (11) for }>, may be justified by an argument similar to that used 
by Dirac to validate the scattering formulae. For although the electron can- 
not jump to this state of negative energy, because it is already filled, there is a 
double transition which gives just the same terms in >_, and in which first a 
negative electron in the state (—2'v 9, P, 7) jumps to a state near the state 
(0), and then the original positive electron jumps down from the state (0) to 
the state (—2!'"vo, P,7r); in either transition either of the two quanta may 
be emitted. 

If we try to correct (13) to take account of the fact that the energy ra- 

diated should be (m+ \/p)c? and not 2mc’, we get in place of (14) 


(m+ M,)*c®? 5X10" 
‘=— ~ sec. (15) 
642°e'n, Ny 





Both (14) and (15) give an absurdly short mean life time for matter. With 
np = 10° we get 


T~5X10°%; 7T’~5 X 10°°. 


Of course the protons and electrons of matter are not in general free, nor 
uniformly distributed, nor at rest. But we should hardly expect their agglom- 
eration into nuclei, or even atoms, to reduce appreciably the mean transi- 
tion probability, since this would mean essentially an increase in the effective 
np to be used. In any case (14) or (15) should apply roughly to electrons and 
protons in a discharge tube. 


Il 


In their paper on the relativistic treatment of the interaction of radiation 
and matter, Heisenberg and Pauli point out that according to their theory the 
radiationless transitions of the quantum mechanics may always be expected 
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to be accompanied by transitions which correspond to a change in the ma- 
terial system and the emission of at least one quantum of light.’ So, for exam- 
ple, in the Auger jumps, in the ionization of an atom in an electric field, in the 
capture of electrons by alpha-particles, and in the radioactive decay of nuclei, 
the energy of the liberated particles should show a certain diffuseness; and 
energy is only conserved by the emission of an appropriate continuous dis- 
tribution of light. Heisenberg and Pauli derive an expression for the prob- 
ability of such transitions involving radiation; they show that this probability 
is small, compared with that of the radiationless transitions, of the order 


e/he (z/c)’. 


They apply this result to the problem of radioactive disintegration, where the 
escape of the alpha and beta particles may be roughly schematized as a diffu- 
sion through a high wall of potential energy; and they obtain so an explana- 
tion of the sharp definition of the energies of alpha-particles, and the great 
diffuseness of the beta spectrum. The non-appearance of the gamma radia- 
tion, which, on this theory, should accompany beta-ray disintegration, re- 
mains unexplained. 

In this note we shall compute the relative probability of such radiative 
transitions on the basis of the Dirac radiation theory. For this probability we 
obtain an expression which, in the approximation to which the calculations of 
H. P. were carried, should agree with the results of that calculation. In our 
formula certain terms appear which were deliberately neglected in H. P.; 
and further this formula is applicable to a slightly more general group of 
problems than that of H. P., which cannot strictly be applied to any of the 
problems mentioned above except that of the Auger jumps; but except for 
these minor modifications our result reduces to that of H. P.; and it gives the 
same predictions when applied to the theory of radioactive disintegration. 
The present work is rather simpler than that on the basis of the more general 
theory. 

For the occurrence of radiationless transitions it is essential that the 
material system (and we shall call this the “atom”) be in a quasistationary 
state of an energy equal to the energy of some aperiodic motion of the system. 
Let the wave equation for the atom,—which may be written in the configura- 
tion space, and without explicit reference to the radiation field, to the order 
(v/c)*—be 


(H — hv), = 0. (16) 
Let the initial state have the energy 
Ey = hr (17) 
and be given by a wave packet which satisfies the equation 
(H — V — hrvo)o = 0. (18) 


3 W. Heisenberg and W. Pauli, Zeits. f. Physik 56, 1 (1929); cited as H. P. 
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The wave packets for the quasistationary aperiodic states of the atom we call 
6,; they satisfy 


(H — V' — hv)é, = 0; E = hy (19) 


and shall be normalized to dy. Then the probability of a radiationless transi- 
tion to the continuum is given, to the first order in the small quantity 
Ao/ Vo, by 


ho = 4n2/h?| Viol 23 Vie = J ard... (20) 


(The integral over dz is to be taken over the configuration space of the atom.) 

Now let there be no radiation present initially. Since the atom has energy 
levels lower than Zo, it can make radiative transitions to these states; Dirac’s 
radiation theory gives us, for the probability per unit time per unit frequency 
v, of the radiation, for this transition 


Ad, - 167*v,dy, She | P. —y Uj . 
u 


a 
with 


P, + 0 = fer, Pb (21) 


where P is the time rate of change of the electric moment of the atom. (With 
Dirac’s linear Hamiltonian for the electron it will be 


Yoe.a* 
R 


where e, is the charge on the &’th particle, and the a*s are the Dirac matrices, 
and the summation is to be taken over all particles.) 

Now when V is not very small, (21) gives us only a very poor approxima- 
tion for the probability of the corresponding transitions. Somewhat inac- 
curately we may say that the system can reach the same final state by a dou- 
ble jump, in which, e.g., the atom goes over into some arbitrary state in the 
continuum, and then—but there is no interval between the jumps,—jumps to 
the final state and emits a quantum. In this process of course only the total 
energy of the system is conserved, and that only when one considers the 
double jump as a single process. This is the effect treated by H. P.; and to 
obtain it we have only to carry the perturbation theory a step farther than 
was necessary for the derivation of (20) and (21). 

The Dirac wave equation for the probability amplitude ¢@ for the whole 
system, taken as a function of the state, which for brevity we describe by the 
single index v, of the atom, and the number JN,, of quanta of frequency »,, 
polarization p, and given direction of propagation, is 
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— h/2wi-d/dto(v,N.,) = DS Wi, Ney; v'N'sp)O(0', Ney) 
v'N 


‘a 
sp 


feevo0' Nun) + V0(0, V.,) 


1/2 1/2 1/2 ° 
/ y / y 
+ dv 7 IN ' p'Va'Ke' p'(Cs' py Pov O(v Av wa 5.5’5 py’) 
a’ p’ 


. 


1/: . 


1 2 ‘ . 
+ fide’ DONo ye HD ye ker (Ose ps Pan DO(", Nop + Saad pp’) 
s’p’ 


with Ksp=h/2wrerey. 


Here o,, is the number of components of the radiation field of given polariza- 
tion per unit frequency about v, per unit solid angle for the direction of propa- 
gation; and e, is a unit vector parallel to the electric vector of the component 


sp. The summation >, and the product II infra, are to be taken over all the 
sp sp 
components of the field. 
If we take for our initial conditions for @ 


o(v,.V.,) = 0 








P : (23) 
¢(0,.V,,) = [[6Lv.,,.0e 2rivt 
sp 
and put these values in (7), we find in first approximation 
e72rive — ¢ 2rivyt 
ov, Nop) = []6(V.,,0)V,, 
sp hiv = Ve) 
1/2 1/2 . en 2ri(ety tt — e-2wingt 
+ QO Now 1) [6 Nop Oe ter (Oey Py,) (24) 
oP vp +n —a 


In II’ the factor for s’’=s’, p’’ =p’ is to be omitted. 
If one puts this expression (24) for gd, in (22), integrates the equation to ob- 
tain the secend approximation @,(v, .V,,), and takes the sum over all com- 


ponents of the field 
rf dv, f de. | o2(v,1,,) | ., 
Pp 


this gives the probability that the system has, at time ¢ emitted a quantum of 
frequency near vy, =v)—7, and made a transition to a state in the continuum 
of energy near hv. The coefficient of ¢ in this expression gives the transition 
probability for transitions to a state in the range > to 7+A?: 


16m°v,Ap|_ dv! V oy Pys dv! Poy V's 
d.(9)AP = ——— | hPa, — f 
33h | 


2 





(25) 








, 2 , 
a. ™ = 7 


The first term in the bracket is the direct emission given by (21) and neglected 
by H. P.; the remaining terms differ from those of H. P. (132) only by having 
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V’ in place of V. When yp and @, are characteristic functions of the same 
equation, these terms reduce to those given in H. P. 

It should be observed that both (25) and H. P. (132) are derived as approxi- 
mations; in particular, the momentum of the light quantum, and terms of 
higher order in v/c, are neglected in both computations. The retention of this 
momentum leads to the same modification in (25) and H. P. (132); and so 
does the retention or terms of the fourth order in v/c. But in higher orders 
only the method of H. P. can be used, since then no equation of the form (16) 
holds for the atom, and it is necessary to work directly from the more general 
equations of quantum electrodynamics, and take more complete account of 
the retardation of the forces between the particles of the atom. 

To obtain the order of magnitude of the total radiative transition prob- 
ability for radioactive disintegrations, we may observe that V and V’ may 
be expected to be of the same order of magnitude as /vp, and we integrate (25) 
for all frequencies v, up to vo; this gives 


A, = f ” y,(p) dv ~ v*vo*e?, ch. Jf avis . (26) 
. | 


The ratio of this to (20) gives the relative probability that radiation will be 
emitted in the disintegration: 


A; /Ao ~ €?/he-(v/c)? (27) 


in agreement with H. P. (133). From (25) it is clear that only a much more 
detailed knowledge of 9, and Wo and of the form of the Hamiltonian H/ in (16) 
than is at present available can give us any precise value for A,/Xo- 

The application of (27) enables us to estimate the relative probability of 
radiative and radiationless capture of electrons from atoms by an alpha par- 
ticle, and gives for the ratio of the probabilities 10-*, in agreement with the 
more detailed calculations of the effect. 
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BOUNDARY CONDITIONS AND THE MEANING OF WAVE 
GROUPS IN WAVE MECHANICS 


By H. A. Wintson 
Rice Institute, Houston, TEXAS 
(Received January 29, 1930) 


ABSTRACT 

Reasons are given for believing that the boundary conditions at a discontinuity 
in the potential (17) in wave mechanics may be ¢; = @u'? and @,d¢,/dx = ded ¢2/dx. 
Here @¢ is the wave function and xu the ratio of the group velocities. With these 
boundary conditions the waves are either completely transmitted or completely 
reflected according as the energy E is greater or less than |’. The particles therefore 
need not be supposed to enter the region in which > where their velocities would 
be imaginary and their kinetic energies negative. It is suggested that the group 
of waves associated with a particle should be identified with the particle and that 
the energy and momentum of the particle are the energy and momentum of the 
group of waves. When the group is stopped or absorbed it contracts to small dimen- 


sions and so becomes a particle. 


N THE applications of wave mechanics to the theory of thermionics and of 

the disintegration of atomic nuclei the boundary conditions at a discon- 
tinuity in the potental have been considered and it is customary to suppose 
that the wave function @ and its first derivative must be continuous at the 
discontinuity. 

Consider the case of a particle with energy £ moving along x in the posi- 
tive direction and suppose that its potential energy is zero for x <0 and equal 
to V’ for x >0 so that there is a discontinuity in the potential at x=0. The 
usual wave equations in this case are 


d*@ 
— + k*E¢o = 0, x <0 
dx? 
d° ; F 
—+ k(E-TV'’)¢=0, x > 0. 
dx? 
As a solution we may take, as usual, when E> V’, 
od) == Ge ikEl/2y ao bei kENes x <0 
do = ce tk (EV)! r x > 0. 


To determine } and c¢ in terms of a it is usual to suppose that ¢:=¢. and 
do,/dx =dd2/dx at x=0. We then get b=a(1—p)/(1+p) and c=2a/(1+y) 
where uw = |[(E— V’)/E]"? which is equal to v/v; where 2, is the group velocity 
for x <0 and 2, that for x >0. 

The condition ¢; =¢2 at x =0 givesa+b=c. This equation is not obviously 
correct. Consider two points A and B one at x = —d and the other at x= +d. 
Since there is a discontinuity in the potential at x =0, so that the group velo- 
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city v7; for x <0 changes to v, for x >0, it is not clear that the chance that the 
particle is in an element dx at A should become equal to the chance that it is 
in a dx at B as d is diminished indefinitely. This is so because A and B are on 
opposite sides of the discontinuity even when d=0. 

To determine the correct boundary conditions at x =0 we may begin by 
considering a case in which the potential varies gradually from 0 to V’ near 
x =0 and then make the distance in which the change from 0 to V’ takes place 
small. 

Let a train of waves moving along x in the positive direction be repre- 
sented by ¢=Ae-“* where A and B are functions of x which weshall suppose 
to be real quantities. @ must satisfy the wave equation 


9 





¢ : , 
~+ k(E — Vo = 0 
dx? 
where £ is the total energy and V the potential energy of the particle. Sub- 
stituting the above value of ¢ in this equation we get 


1 d°*A dB\? aB 2 dA dB 
—_-_— - #(—)— (+ — —) + RE= 1) =0 
A dx? dx dx* A dx dx 


Hence we must have d°B/dx*+(2/A) (dB/dx) (dA/dx) =0 which gives C= 
A*dB/dx' where C is a constant. It will be noted that this result is exact not 
merely an approximation. Also 

oe ye k(E—V) =0 (1) 

A dx? A‘ slain “i 
Now let A =4A,+(A.—A;)/(e€-**+1) where @ is a positive constant. This 
makes A = A, where ax is large and positive and A = A, where ax is large and 
negative. Thus A changes from A, to Ae in the region near x =0 and if we sup- 
pose a to become infinite then we shall have A =A, for x <0 and A =z for 
x>0. 

Substituting this value of A in (1) and putting c=A,;°E'? we get 
aA — AUT" — De. Lf, (et) ') 
k?(Ao + Aye~**)(1 + €- 27)? \ Ae + Ase =) f° 

According to this when ax is large and negative then V=0 and when ax is 
large and positive then V=E{ 1—(A,/A.)*} =V’. 

Thus if @ is supposed large this solution of the wave equation gives the 
variation of A with x when the potential changes rapidly near x =0 from the 
constant value zero when x is negative to the constant value V’ when x is 
positive. 

The value of B can be found if desired since C = A°dB/dx but since ¢¢ = A? 
it is not required. 

Put a? =Bk°E where @ is a constant and also let y=e *%". The expression 
for V above then becomes in the case when A», = 24). 


(y—1 1+ y\4 
v= 2} By(y —+1-(.+2)'t 
(2+ y)(1 + y)? 2+y/ J 


1 An approximate result equivalent to this is well known. 
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The expression y(y—1) / (2+y) (1+,y)? has a maximum value equal to about 
0.08 when y=3.3. }(1+y)/(2+y) }*is then about 0.4 so that 8 may be made 
equal to 4 without danger of V becoming greater than E. Fig. 1 shows the 
variation of A with 2k E'*x when A»=2A,and B=4. Fig. 2 shows the corre- 
sponding variation of V/E with 2k E'?x and Fig. 3 shows the variation of 
VE with 2 (2)'? k E'?x with @=8. In Fig. 3 V/E becomes greater than 
unity. 

It appears that, in this case, with 8 =4, practically all the changes in A 
and V takes place in a range of 2kE'*x equal to about 5. Thus if d denotes the 
thickness of the layer in which the potential changes then we have d=5/2k 
k. For electrons k=4 X10" and E=1.6X10-" P where P is the potential 
difference in volts equivalent to E. Hence d=5X10-%, P'’*. The wave-length 
h of the waves associated with an electron is given by \=12.25/P' so 
that d=0.44. Thus if P=10 volts then d=2X10°> ‘cm and if P=1 volt then 
d=5X10-%cem. In the case considered V’ is equal to 15#/16. It appears that 
the potential does not become greater than E in a layer similar to those 
on the surface of metals for which V’ is about 10 volts and d about 5 X107° 


cm. 

















Fig. 1. Fig. 2. 


When V’ is equal to 15£/16 then the ratio of the group velocities yu 
=v2/0,;= 4 so that b=a(1—p)/(1+ ) is equal to 3a/5. Hence b’a? =9/25 so 
that 9/25 of the electrons should be reflected back if the boundary conditions 
$1 =: and d¢,/dx =d¢@./dx are correct. But as we have just seen when V 
changes from 0 to 15/16 of E in a distance of about half a wave-length there 
is no reflection. This suggests that the boundary conditions should be mod- 
ified so as to make the reflection zero when E> V’. 

The equation V’=E}1—(A,/A.)*} gives Ao/A1=(%/v2)'? or Ap=A yp. 

For x <0 let ¢;=ae-*“" + so that A;=a and B=E'x. It then follows 
that for x>0 ¢@.=(a/p'2)e—*# EV ee, 

It appears therefore that in the equations 

gb, = ae thet Px 4 pet ikel?e 


go = ce~ik(E- v’)t/ey 


we must have 6=0 and c=a/u'”, if there is no reflexion when V’ is less than 


E. 
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According to this the boundary condition ¢; =¢2 at x =0 must be replaced 
by ¢:=@ 4'. The condition d¢,/dx =dd./dx cannot then be correct. Since 
the number of particles falling on the surface at x =0 must be equal to the 
number leaving it we must have a*v, =v, + cv, or a2@—b?=c2u. The condi- 
tion ¢,=@ '” gives a+b=cy' so that a—b=cy'?. This requires that 
u'!*do,/dx should be equal to d¢:/dx or that ¢:dd,/dx =g.d¢./dx. This sug- 
gests that the correct boundary conditions at the discontinuity may be 
oi1=dy'? and didd,/dx =G.dd2/dx. These conditions give a+b=cyu' and 
(a+b)(a—b)=cy. These equations have two solutions which are 6 = 0 and 
c= a/u'? and c = 0 and 6= —a. The first solution as we have seen is 
the one to use when E>V’ so that then ¢; = ae thet? e od: = (a/p'’”) 
iKEVO'2 So that all the particles go through the plane x=0 exactly as 
in classical theory. The other solution is clearly the one to use when V’>E 
so that then ¢ = ae~‘*#""s — aei*#'2 g, = 0 so that all the particles are 
reflected back at x=0 exactly as in classical theory. 

Thus if the boundary conditions at a discontinuity are ¢;=q@ ' and 
o,d¢o,/dx =¢2dd2.,dx then when V’>E the waves are reflected completely 
at the discontinuity so that the particles need not be supposed ever to enter 
the region in which V’>E£ where their kinetic energy is negative. This seems 
to the writer to be a very strong argument in favor of these boundary 
conditions.” It is very difficult to imagine any sort of physical meaning 
which can be attached to the idea of a particle with an imaginary velocity 
and a negative kinetic energy. 

The writer now proposes to bring forward some considerations with 
regard to the nature of wave groups in wave mechanics. The view proposed 
is perhaps unorthodox and may not meet with approval but it seems to the 
writer to be worth considering. 

It was originally suggested by Schroedinger that the wave function @ 
could be interpreted by supposing that the density of the electricity is pro- 
portional to ¢. This view has been replaced, at least in many cases, by the 
idea that the chance that an electron is in an element of volume dv is pro- 
portional to ¢@ dv. According to the original idea the electron in standing 
waves was at rest but was spread out over the whole volume occupied by 
the waves. A moving electron was spread out over a moving group of waves. 
According to the later view the electron is presumably somewhere in the 
standing waves or group but its location and motion, if any, are unknown. 
According to the first view the electron when it appears somewhere as a 
minute particle must have contracted from its state of diffusion over the 
waves. This necessary contraction seems to me to be of fundamental 
importance, as will be explained below. 

Although according to the present view the motion of an electron in 
standing waves cannot be determined it seems to the writer to be never- 
theless allowable to suppose that it must move from one point to another, 


€ 


2 Nordheim (Proc. Roy. Soc. A December 3, 1928) concludes that practically all the 
electrons having E > V’ escape from a metal because of the effect of the image forces in rounding 
off the discontinuity. 
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when it does move, along some definite path. That is, it will not do to sup- 
pose that it disappears at one point and appears at another without occupy- 
ing the intermediate positions. 

Another possible view, very similar to Schroedinger’s original suggestion, 
is that the group of waves and the electron are identical and that when the 
group is stopped or absorbed and appears at a point the group of waves con- 
tracts to small dimensions and so becomes a particle. 

If we suppose that a particle is associated with or is a group of waves of 
length / then it is easy to show that / diminishes when the velocity v of the 
group diminishes. This idea is not new but it does not seem to have attracted 
much attention. 

According to Heisenberg’s uncertainty principle we have dEét=h, 
roughly at least, where 6E is the uncertainty in the energy of the particle 
and 6¢ that in its time of passing a given point. If v is the group velocity 
then we have 6¢=//v and since E=hv where v is the frequency of the waves 
we get /=v/6v' where dy is the uncertainty in the frequency v. There seems 
to be no reason to suppose that 5E or 6v should vary as the group moves 
along so that we may conclude that the group length 7 should be approxi- 
mately proportional to the group velocity v. Thus if the group enters a 
field of force in which it is gradually slowed down we should expect / to be- 
come smaller and to become very small on a surface where the group velocity 
is zero. It does not become zero at this point because owing to the uncer- 
tainty in E there is some uncertainty in the position of the surface in ques- 
tion. 

Darwin’s solution’ of the motion of a group in a uniform force field 
does not indicate such a variation of / which must mean that his solution 
involves a variation of 6v with v so that v/4v remains constant or rather only 
varies to the extent demanded by the uncertainty in v. It seems to the 
writer that dv should be supposed constant and so 7 should vary with v. 
Thus when a group is brought to rest it becomes very small or we may say 
that it becomes a particle. If preferred we may say that the group con- 
tracts onto the particle in it which is so located in a nearly definite position 
when the group stops. According to this we should expect the group and 
particle to come to rest approximately on a surface at which E— V =0 and 
so either to remain on such a surface or else to move back into the region 
where E>V. We should not expect the particle to penetrate into the region 
where V>E£ where its kinetic energy would be negative. It seems to the 
writer that this is as it should be. When a mathematical theory indicates 
that particles if in a certain region would have imaginary velocities and 
negative kinetic energies then the proper conclusion to draw is that the par- 
ticles do not go into that region. Of course when there is uncertainty in £ 
then the position of the surface E— V =0 is subject to a corresponding uncer- 
tainty. This conclusion is supported by the results obtained above on the 
motion of electrons through a discontinuity or near discontinuity in the 


’ This result is given by H. T. Flint, Proc. Roy. Soc. A, December 2, 1929. 
* Darwin, Proc. Roy. Soc. A, December 1, 1927. 
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potential. The electrons and the waves also are probably reflected unless 
E>V’. 

Bridgman’s suggestion that the negative sign on the kinetic energy of 
particles inside the region where V >£ is merely the “bar sinister” on par- 
ticles which have got in improperly is similar to Rutherford’s suggestion 
that particles somehow leak through a potential hump although they have 
not got enough energy to get over it. In my opinion it is better to suppose 
that they do not get into regions where V >E in any case. 

It seems worth while to point out that the conclusion that particles 
can enter regions in which V >E may be due to the assumption that the 
energy / can have a definite value with zero uncertainty. It seems probable 
that there should always be some uncertainty in £ so that any one particular 
solution of the wave equation A4¢+k?(E— V)¢=0 for an exact value of E 
does not really represent a possible state of things. Such solutions correspond 
to a group of waves of infinite length, since ]/=hv/6E, and if the group is 
really of finite length then they are merely approximations. When the 
region occupied by the waves is of atomic dimensions the group may be 
long enough to overlap itself many times and so the solution for a group of 
infinite length is a good approximation. But there should be some uncer- 
tainty in £ so that the particle may have enough energy to go through the 
surface E—V=0 of the approximate solution® without its kinetic energy 
becoming negative. 

Consider the case of an electron moving normally between two parallel 
plane surfaces at which it is reflected back. As in the theory of the discon- 
tinuity with V’>E, if we suppose the group length to be infinite, we may 
take $@ =4a*sin°kE' 2x. Thus we have nodal planes half a wave-length apart 
on which ¢6=0. The distance between the parallel reflectors must be a 
multiple of the half wave-length. The chance that the electron is between 
any pair of adjacent planes is then \/2 d where d is the distance between 
the reflectors. We do not know where the electron is but it is supposed to be 
moving backwards and forwards between the reflectors with uniform velocity 
?. It is therefore supposed to pass through the nodal planes one after another. 
But on these planes ¢¢ =0 so that the chance that the electron is at any nodal 
plane is zero. It cannot therefore be supposed to be moving with uniform 
velocity and so passing through the nodal planes.’ We may if we like suppose 
a large number of electrons present all having the same energy and so all 
having nodal planes in the same positions. 

Wiener’s experiments on standing light waves may be considered in this 
connection. The particles are then photons instead of electrons. He showed 
by means of a thin photographic film that there were nodal planes half a 
wave-length apart at which the film was unaffected. If the photons were 
moving towards and away from the mirror they would pass through the 


5 The exact solution, of course, would be the sum of a number of the solutions for particular 
values of E each multiplied by a suitable factor. 

6 The argument here is directed against the assumption that the electron is moving with 
uniform velocity v. 
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film whatever its distance from the mirror and so the film would be equally 
affected at any distance. The fact that the film is affected between the 
nodal planes shows that the photons get there but the fact that it is not 
affected on the nodal planes shows that the photons do not pass through the 
nodal planes. 

In the opinion of the writer, if the idea that a group of waves contains a 
particle is retained, then these considerations about standing waves make it 
necessary to suppose that in standing waves the particle is at rest. This 
amounts to a partial return to Schroedinger's original idea. In the case of 
a large number of particles being reflected normally we must suppose that 
they are arranged in layers between the nodal planes. The way in which 
such an arrangement could be brought about can be easily imagined. 

Consider a group of waves of length / containing one particle’ and sup- 
pose that the particle is at a distance d from the front of the group. If the 
group is reflected normally the reflected waves will meet the particle when 
it is at a distance d 2 from the mirror. The particle will then stop since it 
is in standing waves and it will remain stopped for a time (/—d) v7 and will 
then move away with the reflected waves. According to this the waves must 
convey the momentum 2mv which the particle loses to the mirror. It is 
therefore necessary to suppose that the waves of wave mechanics are not 
merely waves of probability but that they are real physical waves which can 
convey energy and momentum. In fact it would seem to be best to regard 
the energy and momentum of a particle as the energy and momentum of 
its group of waves. When the group is stopped the energy and momentum 
appear on the particle or the group becomes a particle. 

It will be observed that according to this when a particle is reflected back 
at a discontinuity in the potential in which V’>E the particle does not get 
to the discontinuity at all unless it happens to be exactly at the front of its 
group of waves.* Hence even if we suppose that the waves do penetrate 
through the discontinuity with amplitude falling off exponentially on the 
other side the particle need not be supposed ever to go through. For exam- 
ple we might suppose that the particle is always located at the crest of a 
wave and so is never exactly at the front of the group. 

To represent a moving particle it is necessary to have a moving group 
of waves. Standing waves do not represent moving particles. Any solution 
of the equation A¢+k?(E— V)¢=0 which represents standing waves may 
be said to be a group of waves at rest. For example when an electron is cap- 
tured by a proton the group of the electron may be said to form the waves 
of the resulting hydrogen atom. The electron group contracts to atomic 
dimensions in this case. The electron group is of finite length and so must 
have uncertainty in its energy which should persist in the energy of the 
atom formed. 

7 Particle here may mean either electron or photon. The groups associated with photons 
are of finite length which indicates uncertainty in the frequency and energy just as for electrons. 

* The particle is supposed to be somewhere in its group. To assume that it is at a distance 


d from the front of the group does not involve the assumption that d can be determined 
experimentally. 
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The standing waves may be said to be the particle but if it is desired 
to suppose that there is a particle somewhere in the standing waves then 
since it should be at rest it seems natural to suppose that it is on the surface 
E—V=0 or else in a region where V is constant. If the particle remains at 
rest on the surface E — V =0 or anywhere in a field of force it cannot be sup- 
posed to be acted on by the field of force. It is therefore necessary to suppose 
that fields of force do not act directly on the particles but merely alter 
the wave velocity. This of course is implied by the accepted method in 
wave mechanics which is to calculate the effect of the force field on the 
waves and not on the particles. 

According to what has been said above the waves should not be sup- 
posed to go into the regions where V >E but should be reflected at the sur- 
face E—V=0 or else it should be supposed that ¢¢dv is only proportional 
to the probability that a particle is in dv when E2 V at dv. The integral 
/¢éedv should in this case be made equal to unity when taken only over the 
region in which E> JV. A third alternative which seems to the writer very 
plausible is to suppose that the energy £ has enough uncertainty in its value 
to account for the chance that the particle may be in the region where V > E. 
That is we suppose E=E,)+6E and if a particle is found where V>E,> 
then 6£ is equal to V —£, at least. 

The second or third alternatives seem at the moment to be the more 
acceptable but it may be worth while to mention that the energy levels of 
the hydrogen atom may be very simply obtained by supposing that spherical 
waves are reflected at the surface E— V=0 and so form standing waves. 

Since in the hydrogen atom the wave velocity is equal to E/(2m(E+e*/r))!? 
the time 7° required for spherical waves to move from the nucleus to a sphere 
of radius —e®? E and back is given by 


We may suppose that 7 =n/v where v is the frequency of the standing 
waves and 7 is an integer and that E = —/hv sothat E = — 27°me'/ n*h*? as usual. 

One of the difficulties in optical theory is to see how the energy and 
momentum of the waves can become concentrated at points when the light 
is absorbed. The view that the waves have no energy or momentum is not 
satisfactory because for example it is difficult to see how waves with no 
energy could be reflected by a mirror. Reflexion requires the electrons all 
over the surface of the mirror to oscillate with the frequency of the light. 
The hypothesis of virtual oscillators in the mirror is also very unsatisfactory. 
A similar difficulty is present in the wave theory of electrons. The waves 
are diffracted as though they had uniformly distributed energy but appear 
as electrons when absorbed. According to what has been said above this 
difficulty may be to some extent removed by supposing that the wave groups 
contract to small dimensions when stopped. This process of contraction 
is made possible by the increase in the wave velocity as the group velocity 
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diminishes. The wave velocity becomes infinite when the group velocity 
becomes zero so that the group can contract very rapidly as it stops. It 
seems reasonable to suppose that the same thing happens with light as 
with electrons. When light is moving in empty space the wave and group 
velocities are equal but in the intense fields inside atoms we may suppose 


that the group velocity is diminished and the wave velocity increased. It is 
nevertheless very difficult to imagine a group occupying many cubic feet 
to be absorbed by an electron. If it is supposed that when the photon in a 
group is slowed down the wave velocity all over the group becomes very 
large and infinite when the photon stops then it is possible to imagine a 
very large group to contract very rapidly onto the photon. Even if we admit 
such sudden group contractions to be possible great difficulties remain. For 
example we have to explain why some groups are reflected and others not 
and how a group can be reflected without giving up any energy to the mirror. 
As we have seen above a group of waves associated with a particle of 
energy £ is either completely transmitted or completely reflected at a dis- 
continuity in the potential according as E>V’ or E<V’. This suggests 
that the group associated with a photon must be either completely trans- 
mitted or completely reflected by a mirror. If the energy and momentum of 
photons and electrons are in the wave groups associated with them then 
it is necessary to suppose that these groups never divide into two and so 
must be either completely reflected or completely absorbed. In the case of 
photons exceptions to this may be supposed possible since a single photon 
may be imagined to give rise to two or more photons having the same total 
energy as the original one. The classical theory of reflexion must then be 
supposed to give the probability that a wave group and its photon are re- 
flected together and not merely the chance that the photon is reflected. 
The view suggested is therefore that a particle such as a photon or elec- 
tron is practically identical with the group of waves associated with it. The 
energy and momentum are spread out over the group and not concentrated 
at a point. When the group is stopped or absorbed it contracts to small 
dimensions and so becomes a particle. The group cannot be divided by re- 
flexion or by passing through a small aperture in an opaque screen but must 
be either all stopped or all get through. The group of waves must be regarded 
as a material entity and wave theory must be regarded as an approximation 
in so far as it now seems to require wave groups to be divided by reflexion 
and other similar processes which do not involve any change of frequency. 
The writer does not claim to have removed the difficulties in optical and 
mechanical wave theory but he hopes that the above discussion may help 
to make the serious nature of these difficulties clearer. 
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THE HEAT OF DISSOCIATION OF CARBON MONOXIDE 
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ABSTRACT 


The author’s method for calculating the heat of dissociation of nitrogen, has 
now been applied to carbon monoxide. For both N: and CO the method agrees 
with the best values obtained by other methods. Using the present value of 10.3 
volts for the heat of dissociation of CO, the dissociation products of the molecule are 
discussed for several electronic levels. In this way it is shown that the recent value 
of 1.3 volts for the energy of the metastable 'D. state in oxygen, obtained by 
McLennan and Crawford, agrees best with the present work. 


N A short paper that appeared last March,' the writer has calculated the 

heat of dissociation of nitrogen and found it to be equal to 9.0 volts. Ina 
paper on the determination of heats of dissociation by means of band spectra, 
Professor R. T. Birge® has called attention to the difficulty of determining 
definitely the most probable value of D for Ne. At the same time however he 
has given what is in his opinion the best value of the heat of dissociation of Nz 
and that value is 9.1 volts. Since the method used by the writer yielded a 
value which is in such good agreement with the one given by Birge, it will be 
of some interest to try the same method for some other molecule. One of the 
cases that is of immediate interest is that of carbon monoxide. 

It is now generally recognized that the bands of the third positive group 
of carbon arise in transitions from the bd to the a level, and that only the v’ =0 
progression has been observed.’ The same reason for the non-appearance of 
higher progressions can be given here as was given for the fourth positive group 
of nitrogen. If the value of wox for the } level of CO is very large, then the 
heat of dissocation in that level will be very small and dissociation will occur 
when the total energy of the molecule in the 0 level is only slightly greater 
than its electronic energy. It may be that wox is of such a magnitude that not 
even a single discrete vibrational state exists, in which the total energy of the 
molecule is less than the heat of dissociation. 

If one uses the above reasoning as a basis, it is then possible to determine 
the heat of dissociation, since the products of dissociation from the 0 level 
have been theoretically predicted to be a normal carbon atom and a normal 
oxygen atom.‘ It immediately follows that the heat of dissociation of CO is 
either equal to or only slightly greater than the electronic energy in the d level. 
This energy is equal to 10.35 volts, so that the heat of dissociation of CO must 


1 Kaplan, Proc. Nat. Acad. Sci. 15, 226 (1929). 

? Birge, Trans. Farad. Soc. in press. 

8 Birge and Sponer, Phys. Rev. 28, 259 (1926). 

*R. C. Johnson, Trans. Farad. Soc. 15, 649 (1929). 
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be almost equal to 10.35 volts. It is interesting here to remark that the value 
given by Birge in his Faraday Transactions paper is equal to 10.3 volts. The 
agreement between the present method and the method used by Birge is 
extremely satisfactory. The fact, that the fourth positive group of Ns and the 
third positive bands of CO are the two outstanding examples of bands for 
which there is only one v’ progression, certainly indicates that the present 
explanation is worth consideration. 

The new value of D will now be applied to a brief discussion of some recent 
ideas regarding carbon monoxide. Johnson has given a very extensive dis- 
cussion of the carbon monoxide molecule in his Faraday Society paper, and 
in particular he has discussed tentatively the dissociation products from the 
various electronic states of the molecule. 

If the present value of 10.3 volts is to be accepted then it follows that at 
least one of the dissociation products from the electronic states that lie above 
10.3 volts, must be in an excited state. Using the formerly accepted value of 
11.2 volts for D, Johnson has already made the above statement for the c 
level. In view of the present lower value for D, the same statement must now 
apply to the 0’ level, the dissociation products of which were predicted to be a 
normal carbon and a normal oxygen atom. 

One of the most interesting levels, from the point of view of the ideas 
presented in this paper, is the F level. The value of v, for this level is 99,730 
cm and @,» and wyx are 1914 cm~! and 198 cm“, respectively. The F level is 
thus an example of a molecular level having a very high value for wyx, as com- 
pared with the values of wox for nearly all of the known molecular levels. 
Because of the large wyx, a linear extrapolation of the vibrational levels, 
associated with the F level, yields a small and probably a fairly accurate heat 
of dissociation. The heat of dissociation is equal to 0.57 volts and the total 
energy in the F level is 12.88 volts. The difference between this and the heat 
of dissociation yields 2.5 volts as the energy of the two products of dissocia- 
tion. Since the products of dissociation from this level are predicted to be a 
1D, carbon atom and a 'D, oxygen atom, the sum of the energies of 'Ds in 
carbon and in oxygen must be equal to 2.5 volts and this is probably a fairly 
good estimate of the sum. 

One other state that possesses a fairly high value of wox is the B level and a 
linear extrapolation yields a value of 2.8 volts as the heat of dissociation for 
this level and a value of 3.2 volts for the energy of the dissociation products. 
This extrapolation is longer than the one for the F level and is undoubtedly 
less trustworthy, probably being too high. Once again the products of 
dissociation are predicted to be a 'D carbon and a 'D oxygen atom, so that if 
the assumption is made that the error in the extrapolation is about 25 percent 
then the lower value is not far from being correct. A 25 percent error in a 
linear extrapolation of the above magnitude is not unusual in the determina- 
tion of heats of dissociation from band spectra. 

Two values for the difference *P—'D, in oxygen have been suggested. 
One of these is about 1.95 volts, suggested independently by L. A. Sommer® 


5 L. A. Sommer, Zeits. f. Physik 51, 451 (1928). 
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and the author,* and the other is 1.3 volts, obtained by McLennan and Craw- 
ford.’ It is difficult, in view of the theoretical predictions regarding the F 
level, to accept the higher of the two values, because then the difference 
3P—'D, in carbon would have to be only about 0.6 volts. A comparison of 
carbon with the spectroscopically similar atoms N+ and O++® makes such a 
low value highly improbable. On the other hand the 1.3 volt value of McLen- 
, nan and Crawford is a very reasonable one, since that would make the 'D 
level of carbon possess a value of about 1.2 volts and this is much more rea- 
sonable than the lower one of 0.6 volts. 

The main purpose of this paper has been to point out the fact that the 
assumption, that the 0 level is extremely anharmonic, yields a very good value 
for D. Consequently a more detailed discussion of evidence regarding the 
energy in the 'D, state of the oxygen atom would be out of place here and will 
be left for another communication. 





* Kaplan, Phys. Rev. 33, 638 (1929). 
7 McLennan and Crawford, Nature 124, 874 (1929). 
* Bowen, Astrophys. J. 67, 1 (1928). 
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ABSTRACT 


Analysis of vibrational] structure. —The electronic band system of AgCl extend- 
ing from \3124 to 43400 has been obtained in emission and absorption, the latter 
under high dispersion. A complete vibrational quantum analysis has been carried 
out, giving the following formula for the heads of the bands of the molecule Ag'*C1*: 

vy =31574.4+275.0v' — 6.200" —0.133v"3 — 342.40'’ + 1.1630’. 
The data give w,.’’=343.6 cm™, w,’=281.0, and »,=31606.9 cm™. Vibrational 
quantum numbers have been assigned to Franck and Kuhn's data for AgBr and Agl. 

Isotope effects. —-The vibrational isotope effect was observed for both the Cl and 

‘the Ag atoms. The complete spectrum consists of four overlapping systems due to the 
four possible isotopic molecules. The order of magnitude of the isotope shift for the Cl 
isotope effect was 1 to 30 cm™'; for the Ag isotope effect, 1 to 4 cm™'. The agree- 
ment of observed shifts with those calculated from the equations recently derived by 
Birge (not yet published) is close. 

Energies and products of dissociation. The heats of dissociation of the AgCl 
molecule are Do’’=3.11 volts in the normal state, Do’=0.31 volt in the excited 
state. The energy of excitation of the atoms resulting by dissociation from the 
excited state is 1.10+0.12 volt. This value can be explained if it is assumed that ?D’ 
states exist in Ag as in Cu and Au. It is concluded that the silver halides dissociate 
from the excited state into a silver atom in a 2D’ state and a halogen atom in the 
metastable *P;/2 state. 


INTRODUCTION 


HE spectrum of silver chloride vapor consists of a system of single-headed 

bands in the ultra-violet, all the bands being shaded toward the red. 
These bands were first obtained by Franck and Kuhn! in absorption and fluo- 
rescence. Their work was concerned chiefly with a study of the type of mole- 
cular binding of the silver halides AgI, AgBr, and AgCl. Their results indicate 
that these molecules are of the “atom-molecule” type, in contrast to the alkali 
halide “ion-molecule” type. AgCl gave only a discontinuous band spectrum, 
whereas AgBr and AglI each showed a single continuous spectrum in addition 
to bands. The heats of dissociation of AgI and AgBr were calculated from the 
long wave-length limit of the continuous spectrum assuming that the product 
of dissociation from the excited state were a normal silver atom and an ex- 
cited halogen atom. The heats of dissociation were also found independently 
by extrapolation of the fluorescence series. But for AgCl no direct calculation 
was possible by either method. The authors were not able to assign vibra- 
tional quantum numbers for any of these band systems. No mention was 
made of an isotope effect. 


1 Franck and Kuhn, Zeits. f. Physik, 43, 164 (1927); 44, 607 (1927). 
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In the present research, a complete vibrational quantum analysis of the 
AgCl band spectrum has been made. Accurate determinations of the heats of 
dissociation of the molecule in both the normal and the excited states lead to 
new conclusions as to the products of dissociation of the silver halides. In 
addition, the vibrational isotope effect of both atoms simultaneously has been 
obtained.” This is the first time the silver isotope effect has been obtained in 
spectra. 


EMISSION SPECTRUM 


The silver chloride band spectrum was obtained in emission* by viewing 
the region immediately above a long silver electrode covered with fused AgCl, 
in a high voltage discharge in hydrogen at about 1 mm pressure. Photographs 
were made with a quartz Hilger E2 spectrograph. The small number of bands 
appearing in emission permitted a ready assignment of vibrational quantum 
numbers. The heads of the following bands were obtained in emission: 
(0, 0), (1, 0), (O, 1), (1, 1), (2, 1), (1, 2), (3, 2), (2, 3), (3, 4). Of the bands 
recorded by Franck and Kuhn, those which do not fit into this assignment 
can be shown to belong to the fainter isotope molecule AgCl*’. In order to 
extend the observations of the isotope effect and to obtain accurate values for 


Tasie lL. Wave-/encths and wave-numbers of observed heals. F. 2 K., bands ebserved by Franck and Kivhn. 


7 | ' 
| | 











Agi Ch | AginCps Agim?Cs? Ag@c] F.& K. 
X i X v X v X i v 
2.0 — | 3114.60 32077.0 | 32096 
(3,1) } 3124.17 31999.3 | 3124.79 31992.9 32005 
4,2 } 3135.10 31887.7 | 3135.39 31884.7 — 
1,0 | 3139.70 31841.0 | 3140.15 31836.4 31845 
+e | 3147.93 31757.7 | 31760 
3,2 | 3157.48 31661.7 31663 
(0,0) 3166.21 31574.4 - 31579 
(1,1) 3173.35 31503.4 | 3173.00 31500.9 31500 
2.0) } 3181.95 31418. 2 3181.59 31421.8 314261 
(0,1) | 3200.81 31233.1 | 3200.07 31240.3 312437 
1,2) | 3208.03 31162.8 | | 3207.14 31171.4 311743 
(2, 3) 3216.26 31083 .0 : - 3215.28 31092 .5 3215.16 31093 .7 310941 
(3,4) | 3225.79 30991 .2 — —_ 3224.46 31004.0 - 30998 
(0, 2) 3235.98 30893.7 | 3235.82 30895.2 | 3234.50 30907.8 | 3234.31  3090).6 30908, 
1,3) 3243.18 30825.0 | 3242.97 30827.0 | 3241.50 30841.0 | 3241.31 30842.8 30833 
2,4) } 3251.35 30747.6 | 3251.14 30749.6 | 3249.47 30765.4 | 3249.24 30767 .6 30755 
(3,5) 3260.77 30658.8 | 3260.52 30661.2 | 3258.63 30678.9 | 3258.35 30681.5 30667 , 39687 
(4,6) 3271.76 30555.8 3271.46 30558.6 | 3269.26 30579.2 | 3268.98  30581.8 30564 
1, 4) 3278.63 30491.8 | 3278.33 30494.6 | 3276.23 30514.1 3275.91 30517.1 30495 
2,5) | 3286.77 30416. 3 3286.48 30418.9 | 3284.15 30440.5 | 3283.87  30443.1 | 30422 
3.6) 3296.20 30329.3 | 3295.87 30332.3 | 3293.30 30356.0 | 3292.94  30359.3 30335, 30356 
4,7) | 3307.14 30228.9 | 3306.82 30231.8 | 3303.91 302585 3393.49 30262 .3 30235, 30262 
2,6) 3322.77 30086.7 | 3322.42 300899 | - 
3,7) 3332.14 30002.1 | 3231.73 30005 .8 | 30008 
4,8) 3343.11 29903.7 | 3342.70 29907 .4 29912 
4,9) 3379.55 29581.2 | 3379.10 29585. 2 29590 
5,7) | 30443 
5,8) - | 30118 
5,9) | 29795 
6, 10) 29655 
3,8) | 29689 
5,10) | 29475 
6,11) - - | 29327 
4, 10) } - 29270 
3.11 | - - | - - | 29161 
6,12) | | 29014 
5,12) | 28839 
6,13) - | 28694 


* B. A. Brice, Phys. Rev. 34, 1227 (1929) (Letter). 
A. Brice, Phys. Rev. 33, 1090 (1929) (Abstract). 
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the heats of dissociation, it was considered worth while to photograph AgCl 
vapor in absorption under high dispersion. 


ABSORPTION SPECTRUM 


The absorption spectrum was obtained by passing white light from a tung- 
sten quartz lamp through AgCI vapor. The salt was heated to about 900°C in 
an open quartz tube 2 ft long surrounded by an electric furnace. Photographs 
were taken using a 21 ft concave grating, giving a dispersion of 2.5 A/mm in 
the first order and 1.3 A/mm in the second order. The grating* is mounted 
according to Paschen in a temperature-controlled room. The photographs are 
reproduced in the accompanying plate. Photograph A shows the first order 
spectrum, B the second order; the enlargements C and D illustrate in more 
detail the isotope effect, showing the four heads composing each band. The 
comparison spectrum is that of an iron arc, the standard wave-lengths being 
taken from Kayser’s Handbuch Vol. VII. 

Table I gives the wave-lengths in air of the observed heads. The corres- 
ponding wave-numbers are corrected to vacuum by using Kayser’s table. 
The values recorded are the mean of two independent measurements on a 
first order plate and one on a second order plate. The heads given by Franck 
and Kuhn are also recorded for comparison. It is evident that their measure- 
ments are from 3 to 10 cm™! too high. 


VIBRATIONAL ANALYSIS 


Throughout this paper the notation used will be as far as possible consis- 
tent with that proposed recently by Mulliken for the general theory of band 
spectra, and that proposed by Birge* for the isotope theory. The true vibra- 
tional quantum number is integral, v=0, 1, 2, -- -; the effective quantum 
number is half-integral, «=v+%. Subscripts e refer to the vibrationless but 
impossible state for which « =0; subscripts 0 refer to the lowest possible vibra- 
tional state, for which w=1/2. 

The possible energy levels of a non-rotating molecule are given by 


G, = ou — xu? + yu +---) (1) 


where w, is the mechanical vibration frequency for vanishingly small ampli- 
tude. The wave-numbers of the origins of the bands in the spectrum are 


y= veto, (u'— xu” + you's + — -)- we’ (u"” aos xe ul’? + ye'ul’s + aa -) (2) 


where v, corresponds to the electronic energy change, and is defined as the 
origin of the band system. The classical vibration frequency is obtained 
from Eq. (1) by differentiation: w,=dG,/du. But experiment yields values 
of w,41/2, Which is the spacing of the energy levels. From Eq. (1) 


Wupij2 = Guyi — G, = weu{1 — 2x,(u+ 3) + 3ye(u + 3)2 +... ] (3) 
* The Anderson grating used at present in this mounting is the property of Townsend 


Harris Hall, College of the City of New York. 
‘R. T. Birge, unpublished work. 
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If the data are sufficient, a plot of the observed spacings 41/2 against u+ 3 
can be used to determine the constants of Eq. (2). The value of w, for any 
value of « can then be obtained from the resulting curve by interpolation or 
extrapolation. Eq. (2) will then represent the origins (or heads, in practice) 
of the observed bands. 

It is found experimentally that for non-polar molecules the w, :” curve is 
linear for low values of u, and that extrapolation of the linear part to u=1o 
when w, = 0 leads to a fairly reliable determination of the heat of dissociation. 
This gives %) =w,/2x.w,. Geometrically the heat of dissociation is given by the 
area under the w, :” curve: 


uy) 1 Ww," “ 1 wo" 
D, -{ w,du = ~ Do = f wd = — Dien. (5), (6) 
0 1 


2 2x We /2 2 x eWe 





/ 


Eq. (5) gives the heat of dissociation referred to the equilibrium state. Eq. (6) 
is the true heat of dissociation, referred to the lowest possible vibrational 
state. There will be a value D)”’ for dissociation by vibration from the normal 
state, and a value D,’ for the excited state. 

Fig. 2 shows the observed heads of the most abundant molecule Ag!*’Cl* 
arranged in the customary array which determines the true assignment of 
vibrational quantum numbers, and which yields the experimental values of 
W412’ and w, 41/2’. The intensity distribution here is characteristic of mole- 
cules having a small change in moment of inertia on electronic transition. 
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Fig. 2. Assignment of vibrational quantum numbers. Numerals indicate estimated intensities. 
Dotted circles are additional bands observed by Franck and Kuhn. 


Table II contains the values of w, for corresponding u, including both the 
experimental, and the extrapolated and interpolated values, which are needed 
later for calculating the isotope shifts. In Fig. 3 the w,:u curves for the most 
abundant molecule are A’’, A’. The curve A’ for the excited state is not a 
straight line. 


5 Birge and Sponer, Phys. Rev. 28, 259 (1926). See also Bull. Natl. Res. Council, No. 57 
(1926), p. 131; R. T. Birge, Trans. Far. Soc. 25, 707 (1929). 














BAND SPECTRUM OF SILVER CHLORIDE 965 


TABLE II. Values of wu. 























Ag"C1s Ag @Chs Agi@C}37 Ag'®C}7 

u on Wa’ a eu’ @u’’ Wy’ on" Wy’ 
0 343.6 281.0 | 342.4 _ 336.0 276 ons 

4 342.4 275.0 | 341.3 275 334.9 270 _ 

1 341.3 268.3 vin a —_ 263 .6 

1} 340.2 262 339.0 262 332.7 257 - 

2 339.0 255.1 — 255.0 | 332.5 251.1 250.7 
23 337.8 249 336.8 249 330.5 245 , — 
3 336.5 242.8 — 242.4 | 329.9 238.5 238.4 
3} 335.5 235 334.5 235 328.3 231.3 —_ 
4 334.3 226.4 | 332.4 226.2 | 327.0 223.2 | 325.9 222.5 
4} 333.2217 332.2217 326.2 214 = — 
5 331.9 206? | 330.7 — 325.0 324.5 

53 330.8 194? | 330.0 194 324.0 — 

6 329.6 173? | 328.9 322.9 322.2 

6} 328.5 327.8 321.8 ~ 

7 327.1 326.7 320.7 319.5 

7} 326.2 325.6 319.6 

8 325.2 324.4 — 

8} 323.8 323.3 317.4 

9 322.5 322.2 

9} 321.5 
10} 319.2 
11} 316.8 
12} 314.5 
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Fig. 3. w.: u curves: A’’ normal, A’ excited state of Ag'*’Cl%; B’’ normal, B’ excited 
state of Ag'’Cl*?; C’’ normal state of Ag'®CI*; E’’ normal state of Ag!*C}7, 
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The equation representing the heads of the bands for the molecule 
Ag!?C}5, from Eq. (2) and the above data is: 

vy =31574.4+275.0v' — 6.200” — 0.13303 — 342.40'’ + 1.1630'” (7) 
The value of «’’ for which the spacings of the levels becomes zero is #9’’ = 148. 
By Eq. (5), D.’’=25390 cm = 3.13 volts; by Eq. (6), Do’’=3.11 volts. The 
latter is the true heat of dissociation of the molecule Ag!"’Cl®. Its accuracy is 
estimated as +0.10 volt. This agrees closely with the value 3.1 volts taken 
from thermochemical data.* 

For the excited state, extrapolation of the w,:“ curve is somewhat uncer- 
tain. It is safe to assume however that a maximum value will be set by extra- 
polating a straight line drawn through the first three points. This gives 
Dy’ =0.33 volt. A lower limit may be set by calculating the area under the 
actual curve, using the empirical equation. This gives 0.28 volt. Hence we 
may take D,’=0.31 + 0.02 volt. 


THEORY OF THE ISOTOPE EFFECT 


The theory of the vibrational isotope effect, first formulated by Mulliken, 
has recently been applied in a form more convenient for calculation of isotope 
shifts in bands of high vibrational quantum numbers by Gibson,’ Patkowski 
and Curtis,’ and R. T. Birge.* Professor Birge has given a thorough discussion 
of the applicability of this method, and has kindly made his results available 
to the writer in advance of their publication. In the following, his notation 
will be followed, and some of his equations given. Superscripts 7 will refer to 
the “isotope” or less abundant molecule, while letters without superscript will 
denote the “main” or more abundant molecule. 

The vibrational energy of a non-rotating molecule as given by Mulliken* 
is G, =f(up-'?) where w= VW, Me/ 1, + Mo, the effective or reduced mass of the 
molecule, ./; and ./, being the relative masses of the two atoms composing 
the molecule. If an isotope of one of the atoms is present, the reduced mass 
of the isotope molecule is u', and if we let p = (u/u‘)!? the vibrational energy of 
this molecule is G,,'=f(upu?). Hence for a given value of “, regardless of the 
functional form of G, given by Eq. (1), we obtain G,' by replacing u by up. 
Writing Eq. (1) for the isotope molecule: 


G,,' = w [up = xp *u" + y p®u® + abe |. (8) 


Subtracting Eq. (1) from Eq. (8) we obtain the general form of the isotope 
shift, as given by Birge: 


Gui — Gy = w.|(o — 1)u — (p? — 1)x eu? + (p? — yw +--+]. (9) 


When an electron transition occurs, this becomes, in terms of the wave 
numbers of the origins of the bands, 


* Taken from ref, 1. 

5* R.S. Mulliken, Phys. Rev. 25, 119 (1925). 

° G. E. Gibson, Zeits. f. Physik 50, 692 (1928). 

7 Patkowski and Curtis, Trans. Far. Soc. 25, 725 (1929). 
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vo’ — vo = Avg = (p — 1) (wu — w,/'u"") 
— (p? — 1)(w.x ul? — wx 'u'"?) 


+ (9? — 1)(w.’y/t0"® — wy ."u"") + ++: - (10) 


Eq. (10) can be used for calculating the direction and magnitude of the iso- 
tope shift when the data are sufficient to give an analytic function represent- 
ing the bands. This is more general than Loomis’s Eq. (7)8 and is in terms of 
half integral quantum numbers. 

As shown by Birge, an approximate equation can be written for Eq. (9): 


G,' — Gy, = (p — 1)wyn. (11) 
This gives, on transition, 


Avo = (p — 1)(w,/u’ — w,""u"’). (12) 


The advantage of Eq. (12) is that it can be used independently of any func- 
tional form of G,. It is necessary only to know the values of w, for the band 
whose isotope shift is to be calculated. The value of w, may be read directly 
from the w,:% curve, or interpolated linearly between @y41/2 and Wy-1;2, 
which are obtained directly from the spectrum. 

This theory shows that the isotope effect is zero at the true origin of the 
band system. It also shows that the isotope shift does not increase uniformly 
as u increases. For, by differentiating Eq. (9) and equating the result to 0, a 
maximum value of the shift for a certain value «=, is obtained. In case the 
w, :4 curve is linear, “.is approximately 1/2%9. The theory shows further that 
the apparent heats of dissociation D, and D,' are equal. Geometrically, the 
w, :¢ curves for the main molecule and the isotope molecule cross each other at 
u =u,, and the area under each is the same since %o/%o'=p and w,'/w.=p. But 
the true heats of dissociation Dy and Do‘ are not the same. The theory has been 
verified by Patkowski and Curtis’ by application to the bands of ICI, and by 
Birge* to IC] and Cl, both of which involve isotope effects in the region of 
relatively high quantum numbers. 


IsoTOPE EFFECT IN AGCL 


The w,:« curves for the four isotopic molecules Ag!’CI*, Ag!C1%, 
Ag"? CB’, and Ag'’® Cl? are shown in Fig. 3. The curves for the excited 
states of the two Ag isotope molecules are not shown, since they almost coin- 
cide with the other two curves. Thecurves A ’’ and B”’ for the normal states of 
the first set of Cl isotope molecules are very nearly parallel and show no in- 
tersection. But this is to be expected, since the extrapolated value of u9’’ was 
148, and therefore “. is about 74. However, the extrapolated values of w, for 
these molecules are in the ratio 336/343.6 =0.978, in close agreement with the 
calculated value of p =0.9794. Also, for the strong pair of silver isotope bands, 
curves C’’ and A”’, the ratio w,'/w, = 342.4/343.6 =0.997 in close agreement 
with p=0.9977. However, due to the slight uncertainty in determining the 


8 Bull. Natl. Res. Council, No. 57 (1926) p. 262. 
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p—1=—0.020672 
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TABLE III. Jsotope shifts. 

Ag'C}57 _— Ag'"Cl]* 

p—1= —0.020577 

I Il Ill 

(v’, v’’) Av Av Av Av 
| obs cale calc calc 

(2,0) — —9.28 —8.27 
(3, 1) | ~6.5 —~6.42 —6.39 —8.08 
(4, 2) —3.0 —2.72 —2.94 —5.77 
(1,0) —4.6 —4.56 —4.57 —4.81 
(2,1) | —2.31 —2.30 —3.10 
(3, 2) +0.45 +0.49 —1.12 
(0, 0) | +0.70 +0.69 +0.67 
(1, 1) +2.5 +2.41 +2.39 +2.13 
(2, 2) +3.5 +4.57 +4.58 +3.89 
(0, 1) +7.2 +7.67 +7.67 +7.70 
(1, 2) +8.6 +9 .29 +924 +9.14 
(2, 3) +9.5 11.35 11.37 10.77 
(3, 4) 12.8 13.93 13.92 12.67 
(0, 2) 14.3 15.84 14.54 14.68 
(1, 3) 15.9 16.08 16.08 16.09 
(2, 4) 7.7 18.04 18.06 17.69 
(3, 5) 20.3 20.51 20.56 19.51 
(4, 6) 23.4 23.86 23.63 21.63 
(1, 4) 22.0 22.77 22.76 22.94 
(2,5) 24.2 24.63 24.65 24.51 
(3, 6) 26.7 27 .03 27 .04 26.30 
(4, 7) 29.6 30.25 31.94 28 .36 
(2, 6) -- 31.14 31.15 31.28 
(3, 7) 33.42 33.47 33.03 





| p-l 
(v’,v”’) | Av 

| obs 
(1, 2) ete 
(2, 3) 
(3, 4) " 
(0, 2) 1.7 
(1, 3) 1.9 
(2, 4) 1.9 
(3, 5) 2.3 
(4, 6) 2.6 
(1, 4) 2.5 
(2,5) 2.7 
(3, 6) 3.0 
(4, 7) 2.9 
(2, 6) 3.3 
(3, 7) 3.3 
(4, 8) 3.8 
(4, 9) 4.2 











Av Av 

obs calc 
14.4 14.56 
15.8 16.08 
18.0 18.03 
20.4 20.52 
23.3 23.86 
22.6 22.78 
24.1 24.65 
26.9 27 .04 
30.3 30.29 
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proper slopes, it cannot be verified from the data that D, is the same for all 
the molecules and Dy, different. 

Curves A’ and B’ for the excited states of the first set of Cl isotope bands 
apparently show approach of intersection. The value of wo’ could not be 
accurately determined, but probably lies between 15 and 23. Hence the cross- 
over value u.’ is probably just outside the range of observation. 

Table III contains the observed and calculated isotope shifts. Values of 
AX were calculated from the mean of the observed displacements from the 
original measurements of the plates, and not the difference between the mean 
wave-lengths of Table I. The observed Av were calculated from these AX. 
The values of p—1 are also recorded in this table for the four sets of isotope 
bands. The main molecule in each case is written in italics. For the first set 
of Cl isotope bands, the calculated values of Avy were obtained in three ways 
for comparison: column I using the approximate Eq. (12), column IT the 
analytic Eq. (10), and column III the old equation Av = (p—1)v, where »v, is 
the difference between the wave-numbers of the head of the main molecule 
and v,, the origin of the band system. All three methods agree about equally 
well for most of the shifts. But Eqs. (10) and (12) are superior when high 
values of «’ are involved. The old equation gives very poor agreement for 
bands having a high wu’ and low u’’. This is to be expected, since III should 
agree asymptotically with I and II for low quantum numbers, and the great- 
est departure of IIT should occur when u is relatively high, as it is here in the 
excited state. The observed values of u in the normal state are relatively low. 

The shifts for the other sets of isotope bands were calculated by Eq. (12). 
The observed shifts for the Ag isotopes are somewhat erratic due to the small- 
ness of separation of the heads and their lack of sharpness, as well as their 
faintness in some cases. The results here confirm the existence of two isotopes 
of silver, of relative mass 107 and 109. 


PRODUCTS OF DISSOCIATION 


It has been shown by Franck,’ Dymond,'® and others that when absorp- 
tion of light by an “atom-molecule” results in dissociation by vibration from 
the excited state, at least one of the resulting atoms is excited. From a study 
of the w,:“ curves in the normal state, Birge and Sponer" showed it quite 
probable that most molecules in dissociating by vibration from the normal 
state yield two normal atoms. The difference between the total energy 
(measured from the normal state) required to dissociate the molecule in the 
two cases should correspond to the amount of excitation of the resulting 
atoms. Hence, if a continuous spectrum exists which corresponds to the con- 
vergence limit of the «’’=0 progression of the vibration bands, then by sub- 
tracting the lowest excitation energy in one of the resulting atoms from the 
long wave-length limit of this continuum, a value for the normal heat of 
dissociation Dy’’ is obtained. For example, this was done by Dymond for 7/3. 


® J. Franck, Trans. Far. Soc. 22, 536 (1925). 
© Dymond, Zeits. f. Physik 34, 553 (1925). 
'! Birge and Sponer, see ref. 5. 
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Conversely, if it is possible from the data for a given molecule to determine 
the heats of dissociation in both the normal and excited states, it is sometimes 
possible to find the states of the atoms resulting by dissociation. 

In their work on the silver halides, Franck and Kuhn! report a continuous 
spectrum for AgI overlapping the discontinuous bands, and showing a max- 
imum at A3170. The long wave-length edge is variable with temperature and 
pressure. Assuming a normal silver atom and an excited (metastable) iodine 
atom formed by dissociation, and adding to this atomic energy the thermo- 
chemical value of D)’’, they obtained an energy value agreeing approximately 
with the observed long wave-length limit at 43740. It appears to the writer 
that the use of the long wave-length limit of this continuum is in this case 
not at all reliable. Furthermore, the writer's conclusions as to the products of 
dissociation differ from Franck and Kuhn’s. The use of the maximum at 
43170, which is on the high frequency side of the bands, would give close 
agreement. The same criticism would apply to AgBr. No continuous spec- 
trum appeared with AgCl. 
































u’ D, = 3.11 

















Fig. 4. Energy relations in AgCl. 


Fig. 4 summarizes the results obtained in the present paper for AgCl. 
Do'’ =3.11+0.10 volts, Do’ =0.31+0.02 volt, and the energy corresponding 
to the (0, 0) band is 3.90 volts. This leaves 1.10 +0.12 volts as the electronic 
excitation of the atoms resulting by dissociation. In accounting for this 
energy, several possibilities must be examined. If the products are: (1) Ag* 
and Cl-, the resultant energy would be the ionization potential of Ag minus 
the electron affinity of Cl, or 7.53—4.1=3.42 volts. (2) Normal Ag and ex- 
cited Cl; the separation *P;, —*P; in the normal state of Cl is 0.11 volt. 
This is the process which would be assumed consistent with Franck and Kuhn’s 
conclusions. Other levels in the Cl atom may be excluded because of their 
high energy. (3) Excited Ag and normal Cl; this case was barred by Franck 
because of the large separation between the *P and 2S levels of silver. (4) 
Both atoms excited. 

The present results definitely exclude cases (1) and (2) even allowing a 
wide limit of error. However, (3) and (4) may be considered. Now in both Cu 
and Au there exist 7D states between the ?P and 2 states, due to terms based 
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on the d*s configuration of the ion.” The lines of the Ag spectrum have not 
been completely classified, but since Ag stands between Cu and Au in the 
periodic table, it is a plausible assumption that these low-lying states exist 
also in Ag.’* If the silver halides dissociate into a normal halogen atom and a 
silver atom in this metastable *D(d%s*) state, then the electronic energy 
obtained as indicated in Fig. 4 should be constant for all three silver halides. 
The writer has succeeded in assigning vibrational quantum numbers to 
Franck and Kuhn’s data! for AgI and AgBr. This assignment is shown in 


AgI 
(}2;af4a{sfel7lela follies 
XL X<| xX] xX] xX] x] x x1 xX] Kx 1X 
x| xX 


cK 
0|x 
11x X| xX | xX 
21x 
3X 
41x 





AgBr 


O;tTLT 27374), 5)7 6177/8) 9 | oluliztie 
xX|xK|KIX| KKK) KL) x) KI 


x xix |x| Kix 
XIX|X LX |X| x) xX] x 





Fig. 5. Assignment of vibrational quantum numbers to Agl and AgBr. 


Fig. 5, which includes both absorption and fluorescence bands. Approximate 
equations representing the bands are as follows: 


AglI: v=31153+127.5v’ —5.70"—205.70''+0.570'", 
AgBr: v=31421+179.40’ —9.5v” — 249.40"’ +0.830'”. 


My ff vr 


This gives for AgI, wo’’ = 205.7 cm™ and wo’’x’’ =0.57, and for AgBr wo’’ = 
249.4, wo’’x’’ =0.83. These agree with the values deduced by Birge from 
Franck and Kuhn's data, 205.8, 0.56, 247.2, and 0.81 respectively." On ac- 
count of the uncertainty of the measurements, the w,: “ curves are uncertain, 
and the heats of dissociation obtained by this data are not very accurate. But 
it is certain that the heats of dissociation in the excited states are very small 
and therefore a large error in determining them by extrapolation will not af- 
fect the results appreciably. 


® Grotrian, Graphische Darstellung von Atomen...I, p. 73, II, p. 44, 51, A. G. Shen- 
stone, Phys. Rev. 28, 449 (1926) Cu. 

13 But the d'*s configuration of Ag is expected to be more stable for Ag than for Cu or Au. 
See Hund’s “Spectrallinien” p. 169-170; also R. Ruedy, Jour. de Phys. et le Radium 10, 129 
(1929); also Trans. Far. Soc. 25 (Dec. 1929) p. 752 (Bengtsson and Hulthén). For evidence of 
instability see J. Kaplan Zeits. f. Phys. 52, 883 (1929). 
4 Int. Crit. Tables, Vol. V, p. 411 (Birge’s table). 
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As in Fig. 4 we may now calculate approximately the resulting electron 
excitation E of the dissociation products by the sum vp+D,)'—D,'’=E&, 
where vy» represents the energy corresponding to the (0, 0) band. For AgBr 
and AgI we will use the thermochemical values" for Do’’ and the extrapolated 
values from the above analysis for Dy’. 

AgCl: 3.90+0.31—3.11 =1.10 
AgBr: 3.88+0.11—2.6 =1.39 
Agl: 3.85+0.09—2.0 =1.94 
The resulting values of £ are thus not constant. But if we now subtract from 
these values of E the *P),—*P; separation in the normal states of the halo- 
gens, which are respectively 0.11, 0.46, 0.94 volt we obtain for / in the three 
cases 0.99, 0.93, 1.00 volt respectively, which is now very nearly constant. 
This indicates that the silver halides dissociate from the excited state into a 
silver atom in a */)(d*s*) state and a halogen atom in the *P, state. 

As in Cu and Au, combinations may occur in the silver atom between the 
*P and these*D’ terms. Assuming the *D’ level to be 0.99 + 0.1 volt, or 8000 + 
800 cm~', above the normal *S level, we would expect a line in the Ag spec- 
trum at 4400+ 150A for the transition *P,;—*D,’. There are several fairly 
strong unclassified lines in this region. Referring to Kavser’s Handbuch Vol. 
VII, the two lines A4888.3 (2u) and \4677.9 (4u) have a wave-number sep- 
aration 920 cm™!, which agrees with the ?P doublet separation. They are the 
only lines found giving this difference. Hence it is possible that they corre- 
spond to transitions *P;—*D’, and *P,,—*D’, in Ag. The next line of 
the same type as these two is \4396.3 (2u). If this is the *P;—*D,’ line, this 
leaves 7731 cm™! or 0.955 volt for the ?D’—?*S separation. This is in close 
agreement with the above value E=0.99 volt deduced from the band spec- 
trum of AgCl. Extrapolations such as were made in obtaining this value 
should be done cautiously. But even allowing a wide limit of error, the con- 
clusions seem to be unaffected. 

The above agreement may indeed be accidental, and awaits further test- 
ing by the final analysis of the Ag spectrum,* and by more accurate work on 
the band spectra of Ag] and AgBr. The latter will be carried out by the au- 
thor in the near future. 

In conclusion, the writer expresses much appreciation for the valuable 
suggestions and constant interest of Dr. F. A. Jenkins, under whom this work 
was begun. I also am greatly indebted to Professor R. T. Birge for use of his 
manuscript on the vibrational isotope effect. Suggestions and interest of Dr. 
F. W. Loomis, and Dr. G. Breit were also helpful. 


1% 1. A. Turner, Phys. Rev. 27, 397 (1926). 
* Dr. A. G. Shenstone has kindly informed me that his recent work on the Ag spectrum 
predicts these *?D(d%s*?) terms to be near 30000 cm™, close to the *P terms, with a doublet 
separation of about 5000 cm. He believes that the lines mentioned above are due to the terms 
4‘P°D° F°(d°sp) combining with *D(d°s, s), though he has not as yet been able to identify them. 
If this is correct, the value of E obtained by the writer remains unexplained. 
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THE RELATION BETWEEN THE INTENSITY AND POSITION 
OF THE OVERTONES OF SOME ORGANIC LIQUIDS 


By P. E. SHEARIN 
UNIVERSITY OF NORTH CAROLINA 
(Received February 20, 1930) 


ABSTRACT 


A theoretical study of the intensity relations of the overtones of some organic 
liquids has been made with a view of determining whether there exists a relation 
between the intensity and position of overtones. A brief summary of some of the 
work that has been done by other observers is included. By the graphical method the 
intensities of the first and second overtones of some liquids were measured. These 
results, together with the ratio of the intensities of the first and second overtones 
and also a list of the products of this ratio times the correction factor, x, are given ina 
table. Values are also listed for three diatomic gases, the intensities having been ob- 
tained by other observers and the ratio of these intensities times the correction 
factor being calculated in this work. For both the liquids and the gases the product 
of the ratio of the intensities of the first and second overtones and the correction 
factor, x, is of the same order of magnitude and, in consideration of the errors involved, 
appears to be constant. 


STUDY of the intensity relations of the overtones of some polyatomic 

molecules in the liquid state has been made with the purpose of deter- 
mining whether there exists any relation between the relative intensities of 
the overtones and the correction factor as applied to the position of the bands. 
The position of an overtone is given by the relation, v,=nvo(1—nx), where 
v is the frequency of the overtone, m the number of the overtone, vo the 
theoretical frequency of the fundamental band and x the correction factor. 
Some calculations have already been made on the intensity relations for the 
fine structure of gases by several observers. Dennison! has, through the aid 
of the correspondence principle, computed the intensities of certain infra-red 
bands in order to gain information concerning the structure of the molecule. 
He computed the intensities of harmonic bands of some diatomic molecules— 
HCl, HBr ana HF. Since some of the constants used in the calculations de- 
pend upon a knowledge of the fine structure of the bands, the method could 
not be used generally. In order to check the results, the relative intensities of 
overtones were otained from experimental curves by taking for each band the 
maximum value of the absorption coefficient, a, rather than the actual value 
of the integral, /,*a,dv. 

The intensities of bands of symmetrical triatomic molecules and of axially 
symmetrical molecules with four atoms were studied by making certain as- 
sumptions concerning the relative positions of the atoms in the molecule, and 
it was found that the experimental and theoretical values were of the same 
order of magnitude. 


1 Dennison, Phil. Mag. 1, 195 (1926). 


973 














974 P. E. SHEARIN 


Tolman? made some calculations of intensities of lines by graphical inte- 
gration under the experimental curve for the absorption coeflicient, and also 
by making the approximation of putting the integral, /,”a.dv, proportional 
to the product of the maximum value of a@,, and the spectral width, Av, at 
which the value of @ has sunk to one half its maximum value. This relation 
may be denoted by the following equation: 


x 
f a,dv = Ka,,Av. 
0 


Dennison,’ in a more recent paper, has investigated the intensities and 
shapes of absorption lines of HCl. Formulae for comparing the relative in- 
tensities of a set of lines were developed. The area under the curve was 
measured in relative absorption times waves per cm. 

The studies which have been briefly outlined above were all made upon 
the fine structure of the bands of gases. In the case of liquids this fine struc- 
ture overlaps to such an extent that the individual lines cannot be observed 
at all, but only their envelope, which may be considered as the addition of all 
the separate lines in the band. In order to obtain the intensity of such a band 
the integral /,*a,dv, was evaluated by the graphical method. The area under 
the curve was divided into a number of very narrow strips. The area of each 
strip was measured, and the sum of the areas of the rectangles taken as the 
area under the curve. The original curves were plotted in percent transmis- 
sion as a function of spectrometer settings rather than in the coefficient of 
absorption as a function of waves per cm; however, the percent transmission 
was changed to coefficient of absorption by plotting a curve for each cell 
thickness showing relative transmission as a function of the coefficient of 
absorption. The relation between the relative transmission, J, Jo, the co- 
efficient of absorption, a, and cell thickness, d, is given by the following 
equation: a= |log (J/Z)|/d. In another curve the spectrometer settings were 
plotted against waves per cm. The dimensions of the small rectangles were 
found in terms of percent transmission and spectrometer settings. Each value 
was then changed to absorption coefficient or to waves per cm as the case 
might be. The curves which were used were greatly enlarged by projecting 
them on a piece of coordinate paper by means of a projection lantern. 

Although a large number of measurements of infra-red bands have been 
made, most of them have been taken with prism spectroscopes of low resolv- 
ing power and large slit width. The true shape of the band is lacking due to 
the width of the slit, and the true position of the band cannot be determined 
accurately due to the low resolving power of the instrument. The emphasis 
has been placed upon the position of the bands rather than upon their true 
shape. These and other inaccuracies make many curves which have been 
observed, useless for intensity calculations. However, in the work of Spence*:; 


2 Tolman, Phys. Rev. 23, 693 (1924). ‘ 

3 Dennison, Phys. Rev. 31, 503 (1928). 

4 Easley, Fenner and Spence, Astrophys, J. 67, 185 (1928). 
5 Spence and Easley, Phys. Rev. 34, 730 (1929). 
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and his associates the absorption bands of several organic liquids have been 
measured with great accuracy. Their measurements were made with a grat- 
ing spectrometer of slit width 0.25 mm. The settings were made with an 
accuracy corresponding to 0.5A. A grating with 10,000 lines to the inch was 
used up to 2u. From this point on it was necessary to use a grating with 2,500 
lines per inch. The entire range was gone over with cells of 1.4 cm, 0.7 cm, 
and 0.15 cm thickness. The absorption of the cell walls was compensated for 
by having two quartz plates of the same thickness of the cell walls to place in 
the beam of light when the cell was removed. 

The relative intensity of the first and second harmonic bands of six dif- 
ferent liquids as obtained by Spence and his associates was computed. Only 
six! were used since the remainder of the curves were very irregular. It was 
thought that some of these irregularities might have been due to overlapping 
of other bands. 

If overtones exist for an harmonic oscillator, the ratio of frequencies of the 
successive harmonics to the fundamental should be 2:3:4, etc. Due to the 
anharmonic oscillation, strong overtones or harmonics occur in some sub- 
stances, and their frequencies are found to be in the ratio 2 » (1-2x): 
3 vy (1-3x): 4% (1-4), etc., where x is a correction factor. The correction 
factor, x, and the relative intensity of the harmonics are both functions of the 
anharmonicity of the oscillation, so it seems probable that there should be 
some definite relation between the two. That this is the case is shown by the 
present work. The results of the calculations are listed in Table I. There are 


TABLE 1. The intensity of the first and second harmonics of certain liquids and gases and the 
ratio of these intensities times the correction factor, x. (p2*=intensity of first harmonic. p;? =in- 
tensity of second harmonic.) 


Substance p2* ps Thickness po" / ps" x (Ratio) (x) 


of cell 

CHC]; 352.62 97 .50 1.4cm 3.616 .0213 .082 
CHCl; 388 .60 97 .50 a 3.986 .0213 .085 
CHBrs; 271.48 91.14 1.4 2.998 .0293 .088 
CHBr; 189.22 91.14 Pe ta 2.076 .0293 .061 
CH:Cl- CHCl, 363 .40 84.48 1.4 4.302 0174 .075 
CHBrCHBre 377 .32 195.88 1.4 1.926 .0391 .075 
CHBrnCHBre 376.70 195.88 Re as 1.923 .0391 .075 
CCLCHCL 103.28 18.98 1.4 5.441 0171 .093 
CHCILCHCl, 143.38 51.74 1.4 2.789 0201 .056 
CO 14.3 .006 .086 
HCl 5.0 .017 .085 

5.8 .013 .075 


HBr 


* 0.7 cm applies to the first harmonics only. 


also listed in this table values for CO, HBr and HCl. The relative intensities 
of the overtones for these three substances were taken from the work of other 
observers®:?. The value for the relative intensity of the first and second over- 
tones of CO is due to C. Schaefer and M. Thomas,‘ the value of x being given 


6 C, Schaefer and M. Thomas, Zeits. f. Physik 12, 330 (1923). 
7B. Burmeister, Verh. d. D. Phys. Ges. 40, 589 (1913). 
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by Burmeister.’, For HCl and HBr the values of x were computed from the 
work of Schaefer and Thomas. Using this and the value for the relative in- 
tensity of the fundamental and first overtone as given by Brinsmade and 
Kemble,’ the relative intensity of the first and second overtones was com- 
puted by means of the equation for x as given by Dennison.' 

Some very interesting relations can be noted in these results. In general as 
the value of x increases the ratio of the intensities of the first and second over- 
tones decreases, or, in other words, as x increases the intensity of-the har- 
monic band increases. The last column shows the product of the ratio and the 
value of x. It can be seen that this product is approximately a constant for 
the bands under consideration. The largest variation is in the value of 
CHCLCHCl. This discrepancy was not accounted for. The variation of the 
other values is well within the range of experimental error. The values for the 
three diatomic molecules, CO, HBr and HCl, as obtained by other observers 
are in excellent agreement with the results as obtained for the liquids. 

In order to check the accuracy of the method used, the intensity of the 
first overtones of three different liquids was measured from the band obtained 
from a different cell thickness. The two values checked very closely except in 
the case of CHBr;. There evidently was some error in the drawing of the 
curve for cell thickness of 0.7 cm. By reference to these curves‘ it can be seen 
that this band does not follow the form of the band for 1.4 cm cell thick- 
ness. For CHCl; the values checked very closely, and for CHBrsCHBry, the 
check was almost perfect. The original bands did not extend to the 100 per- 
cent line, and some error was necessarily involved in the extrapolation of the 
bands to this line, but since the value of a is very small in this part of the band 
the error is not very great. In order to determine what possible error might 
be involved, one pair of curves was extrapolated in two ways, one extra- 
polation making the area much larger and the other making it much smaller 
than probable. It was found that the difference between the two areas 
amounted to about 10 percent. 

While no general conclusion can be drawn from these results until a larger 
amount of data is available, yet it appears that, for the substances under con- 
sideration at least, the ratio of intensities of the first and second harmonic 
bands times the correction factor is approximately a constant. 

The writer is indebted to Dr. E. K. Plyler who suggested the above 
problem. 


§ J. Brinsmade and E. C. Kemble, Proc. Nat. Acad. 3, 420 (1917). 
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THE MAGNETIC SUSCEPTIBILITY OF RUBIDIUM 
By C. T. Lane* 
MacponaLp Puysics LABORATORY, MCGILL UNIVERSITY 


(Received February 27, 1930) 


ABSTRACT 

In view of the theoretical interest involved in Pauli’s theory of paramagnetism, 
the author has reinvestigated the magnetic susceptibility of rubidium. The metal 
used is subjected to double distillation in vacuum to ensure purity. The technique 
employed for this is fully described. The susceptibility is determined at nine differ- 
ent field strengths ranging from approximately 9 to 25 kilogauss. No variation in 
the susceptibility of more than 2 percent is observed over this range. The estimated 
error in the mean value of the susceptibility is between 2 and 3 percent. The uniform- 
ity of the susceptibility, accordingly, shows absence of serious ferromagnetic impurity. 
The mean value of the mass susceptibility is found to be +0.217;10~* at 20°C, the 
Pauli theoretical value being +0.32X10-*. A table is included showing the results 
found by all other investigators on this subject. The bearing of the results on the 
Pauli theory is discussed briefly. 


I. INTRODUCTION 


HE quantum statistics of an electron gas, first proposed by Fermi, has, in 

the hands of Sommerfeld, Pauli and many others, yielded much interest- 
ing information concerning the electrical and optical properties of metals. 
More particularly Pauli has applied these statistics to the calculation of the 
susceptibility of the alkali metals.! The agreement between theory and ex- 
periment in the case of the metals Na, K and Cs is, considering the nature 
of the Pauli calculation, quite remarkable.* In the case of rubidium however, 
upon which, up to the present work, three independent measurements have 
been made* very wide differences exist both between one another and the 
theoretical result. From the point of view of divergence from the theory 
rubidium appears to be distinctly “anomalous,” and this is the more remark- 
able when it is seen that the allied element caesium is in good agreement with 
the theoretical value. 

The author has accordingly made a new determination of the suscepti- 
bility of this element applying the methods used in his previous work on this 
subject. The results of this investigation are communicated in the following 
pages. 

II. PREPARATION OF THE METAL 


The rubidium metal was supplied by Messrs. Eimer and Amend, New 
York, and stated to be “chemically pure.” Nevertheless it was felt that fur- 


* National Research Fellow, Canada. 

IW. Pauli, Zeits. f. Physik 41, 81 (1927). 

2 C. T. Lane and E. S. Bieler, Proc. Roy. Soc. Can. 22, 117 (1928); C. T. Lane, Phil. Mag. 
8, 354 (1929). 

3M. Owen, Ann. d. Physik 37, 657 (1912); W. Sucksmith, Phil. Mag. 2, 21 (1926); 
McLennan, Ruedy and Cohen, Proc. Roy. Soc. A116, 468 (1927). 
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ther purification would be desirable especially since it is highly important to 
avoid even minute traces of ferromagnetic substances. Accordingly the metal 
was subjected to double distillation in vacuum. 

Figure 1 shows, schematically, the apparatus by which this was accom- 
plished. The necessary high vacuum was produced by a Langmuir mercury 
pump, backed with a Cenco “Hy-vac” pump. The former had attached to it 
the usual liquid air trap (ZL) consisting of a bulb of nut charcoal. 

The distilling apparatus proper consisted of bulbs B; and By fitted with a 
charging tube F and a ground glass stopper W. The specimen tube, into 
which the dstilled metal is received is shown at S. The latter consists of a 
thin walled glass tube, of uniform bore (about 0.4 mm) and some 18 cm long. 


HY 
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LANCMU/R 
PUMP 




















Fig. 1. Diagram of apparatus. 


The diameter of the tube was uniform to within 1/5 percent. The whole 


apparatus was constructed of Pyrex glass. 

The metal was received from the makers in 1 gr lots packed in a heavy oil. 
The tubes containing the metal were broken under petroleum ether, and the 
metal washed in two separate baths of the same material, and then quickly 
introduced into the charging tube F. While the charging was in progress a 
stream of nitrogen was kept flowing through the distilling apparatus. When 
the requisite amount of metal had been placed in F the nitrogen was cut off, 
the stopper W replaced and the whole apparatus pumped down. The metal 
was then melted into bulb B, and the tube F sealed off. An electric furnace 
was now paced over bulb B,; and the metal gently distilled into bulb Be. 
Bulb B, was then sealed off from B, and the operation repeated until about 
half the metal in B, was distilled into the specimen tube S. The latter was 
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kept in an oil bath at a temperature of about 70°C. This was allowed to cool 
down to room temperature, and then was sealed off from the main apparatus. 
The distillation process took about two hours to perform. 


III. Mertuop oF MEASUREMENT 


The Gouy method‘ for measuring the susceptibility was used wherein the 
specimen in the form of a long cylinder is suspended between the poles of an 
electromagnet, the axis of the former being perpendicular to the lines of force. 
The downward pull on the cylinder is given by the relation 

P = }xAd(H,? — Ho?) 

where P is the force in dynes; x the mass susceptibility; A the cross sectional 
area cylinder in cm®; d the density of specimen in gr per cc; //, the field in 
gauss in the magnet gap; and //, the field in gauss at the other extremity of 
the cylinder. The pull P was measured with a balance accurate to 1/50 mg. 
The magnetic field was produced by a large Weiss electromagnet provided 
with water cooling arrangements. An aluminum housing was built around 
the magnet in order to shield the specimen from draughts. The former was 
provided with a celluloid front through which the specimen could be observed 
at all times. A thermometer could also be observed through this window. 
The water control allowed a very constant temperature to be maintained in 
the housing. The measurements were carried out at about 20°C. 

Due to the fact that the glass tube containing the metal is diamagnetic a 
blank test had to be performed upon it, at the various field strengths used. 
After the measurement had been made on the metal, the tube was cleaned out 
and re-exhausted of air and the blank test made at the same temperature as 
the original measurement.® 

The magnetic field was measured by means of a null method, developed 
by the author, which has been fully described previously. A survey of the 
field in the vicinity of the magnet showed //,? to be negligible compared to 
IT. 

IV. RESULTs 


The results of the measurement are given in Table I below, in each case 
the specific or mass susceptibility is quoted. In the first column is given the 
value of the exciting current in the magnet, in the second the force P cor- 
rected for the effect of the glass container and in the third and fourth the 
magnetic field intensity and mass susceptibility respectively. The density of 
rubidium (1.53) is the value quoted in “International Critical Tables.” 

The susceptibility is seen to be constant over the fie’'d range used (approx- 
imately 19 kilogauss) to within about 2 percent which is within the ex- 
perimental error. 

4 Stoner, “Magnetism and atomic structure,” p. 40. 

5 This latter point is important since the susceptibility of glass varies greatly with tem- 
perature. Some rough tests on the glass used here (Pyrex) indicated that it had a temperature 
coefficient of approx. }% per degree C. The temperatures at which the two measurements 
were made agreed to within 1°C. See in this connection Gerlach and Little, Zeits. f. Physik 
52, 464 (1928). 


°C. T. Lane, reference 2. 
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TABLE |. Mass-susce ptibility of rubidium (20°C). 


Current in Force (P) Magnetic Field 


Magnet Coils (Amps.) Milligrams gauss Mass susceptibility 
3.0 1.92 9400 +0.21,;X107° 
3.6 2.0% 11100 0.21, 
4.2 3.75 13150 0.21; 
4.8 4.97 15020 0.22, 
§.5 6.30 17040 0.21, 
6.2 7.90 190600 0.21, 
7.0 9 47 20950 0.215 
9.0 12.50 23830 0.21, 
12.0 14.24 25300 0.22, 


Mean value +0.21;*107° 
Area cross section specimen =0.1288 ¢m* 
Density =1.53 gms per ce. 
Owen? has shown that if iron be present in the specimen we should have 
the following relation between susceptibility and field strength, viz. 


x=xy+o/H 


“es 


where x is the measured susceptibility; xy the “iron free” value of suscepti- 
bility; @ the saturation intensity of magnetization (per unit mass) of the un- 
combined iron impurity; and // the magnetic field intensity. The suscepti- 
bility should therefore decrease with increasing field according to an hyper- 
bolic law if any noticeable ferromagnetic impurity be present. The 
susceptibility should be independent of field strength if no noticeable im- 
purity exists, as is the case in the present experiment. 

In Table II the various experimental results on rubidium are collected, 
together with the theoretically predicted value. The estimated accuracy of 
the present measurement is between 2 and 3 percent. 

TABLE II. Various results on mass-susceptibility of rubidium. 


(All values to be multiplied by 10~) 


McLennan, 


Observer Owen Sucksmith Ruedy, Author Pauli 
hye oe vec Cohen 20°C (calculated) 
Mass susceptibility +0 .07 +0.07 +0.17 +0.21; +0.32 


VV. Dtscussion 


It is seen that the result found by McLennan, Ruedy and Cohen is in close 
agreement with the present work. The divergence between these results and 
those of Owen and Sucksmith may perhaps be accounted for by the fact that 
in the latter experiments no especial precautions were taken to ensure purity 
in the specimens used. 

The most remarkable feature is the wide difference between the experi- 
mental and calculated values, especially in view of the fact that the agreement 
between theory and experiment in the case of Na, Rb and Cs is remarkably 


7M. Owen, reference 3. 
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close; nowhere differing by more than 10 percent of the calculated value. In 
this respect, then, rubidium seems to be anomalous. 
We may recall that the Pauli formula for the susceptibility is 


x = 12(m/3)?/8 yo?" 8moh-*d-! = 2.21 K 10-'4n'!3/d 


where x is the mass susceptibility; » the number of free electrons per cc; d the 
density of the substance; wo the value of the Bohr magneton; and mp» and h 
have their usual significance. The only factor in this formula which might 
conceivably be incorrect is ”, the number of free electrons per unit volume. 
Pauli makes the reasonable assumption that this is equal to the number of 
atoms per unit volume. Now in order to bring the theoretical value into agree- 
ment with the observed it would be necessary to suppose that 7 is actually 
about one-third its present accepted value, or rather, for some reason, only 
about one-third the number of free electrons per cc contribute to the para- 
magnetism. Of course we should not expect very close agreement with the 
Pauli formula since the latter neglects certain factors which should contribute 
to the susceptibility, viz.: (I) the diamagnetic effect of the atom cores; 
(II) a possible diamagnetic “induction” effect of the free electrons. We are at 
present unable to make any definite statement about the magnitude of these 
effects since no satisfactory theory for them has appeared.* All we can say is 
that the Pauli formula should produce higher values than those observed. 

In any event the Pauli theory can only be considered as provisional since 
in its present form it is quite unable to account for at least two important 
observed facts, namely, the observations of McLennan, Ruedy and Cohen on 
the variation of susceptibility with orientation in single crystals of zinc and 
cadmium? and also on the observations of the author on the sudden change in 
susceptibility in passing over from the solid to the liquid state in the case of 
caes um.,!° 

On the other hand, it must be remembered that it is the only theory in 
existence which even remotely gives the correct values for the susceptibility 
of the alkali metals, and further it accounts for that remarkable experimental 
fact that the susceptibility of the alkali metals (for a given state) is indepen- 
dent of the temperature. 

In conclusion it gives me great pleasure to thank Dr. A. S. Eve, F. R.S. 
for his continued interest in this work. I am indebted also to Mr. H. G.I. 
Watson, Lecturer in Physics, for his aid in some of the numerical work. 


* Cf. L. Rosenfeld, Naturwissenschaften 17, 49 (1929). In this paper Rosenfeld has esti- 
mated the diamagnetic effect of the cores as a function of the “lattice potential” (1’9) of the 
metal. The quantity Io is estimated from G. P. Thomson and Rupp’s data on electron beam 
diffraction experiments. Since only the order of the quantity Vo is known the correction appears 
rather uncertain. In any event no data whatever exist for the alkali metals. 

® McLennan, Ruedy and Cohen, Proc. Roy. Soc. Al21, 9 (1928). In this paper the authors 
have apparently neglected to make a correction for the susceptibility of air which would have 
the effect of somewhat lowering their values. The values quoted for‘an isotropic crystal aggre- 
gate of Zn and Cd should be decreased by approximately 2.5 and 2.6 percent respectively. 
This brings their result into much better agreement with previous measurements. 

1 C, T. Lane, reference 2. 











APRIL 15, 1930 PHYSICAL REVIEW VOLUME 35 


SECONDARY ELECTRONS FROM CONTAMINATED SURFACES 


By Pau. L. CopeLanp 
State UNIVERSITY OF Towa 
(Received February 21, 1930) 
ABSTRACT 

Surface fields. — Small quantities of grease, or condensed vapors, or foreign 
metal upon a metallic surface have in the past been the cause of many spurious 
electrical effects. Stuhlmann and Compton cite a spurious contact potential difference 
of some 60 volts. Using electron reflection and secondary emission as a tool, some 
of the properties of such surfaces have been investigated. The results indicate that 

surface fields are set up retarding the reflected electrons. 
Insulating layers. —-New evidence is found for a sudden breakdown of the 
insulation of oils in thin films which has been investigated by Briininghaus and by 


Watson and Menon. The bearing of the present results on suggested interpretations 
of the effect is briefly discussed. 


HE fields in the neighborhood of incandescent filaments have been 

investigated'* through a study of characteristics of the saturation 
curve. In the present investigation an attempt is made to study the fields in 
the neighborhood of cold metallic surfaces. The currents used are obtained by 
reflection and secondary emission of electrons at the surface to be studied. 


APPARATUS 


The apparatus used is shown in Fig. 1. A filament, F, (of 7 mil tungsten 
wire) is placed at the center of a molybdenum cylinder, C, the diameter 





Fig. 1. Apparatus. 


of which is about 1 cm. Electrons emitted by the filament are accelerated 
toward the cylinder by an applied potential. Some pass out through the slit 
(of width 0.25 mm) and strike the target, 7, which is placed directly before it. 
The target consists of a second tungsten wire. 

The potential of the cylinders, C and M, may be below that of the target, 
giving a field tending to prevent the escape of reflected electrons, or above it 
tending to accelerate them in their escape. With the cylinders at low poten- 
tial, the escape may-be almost entirely avoided; with C positive, the number 


1 Irving Langmuir, G. E. Rev. 23, 503 (1920). 
? Becker and Mueller, Phys. Rev. 31, 431 (1928). 
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of electrons leaving may be greater than the primary ones which hit and the 
current to the target be actually positive. 

The tungsten wire used for a target was in the earlier experiments a 10 mil 
and in the later experiments a 20 mil filament. This form of target was 
selected to facilitate the application of rather intense, homogeneous fields at 
its surface. With such a target, however, there is the danger that the full 
primary current will not strike it and, more serious, that the fraction which 
does strike it will vary as the field is changed. Fig. 2 shows the results of 
experiments performed to investigate this question. The current to the target 
was observed for different settings of the target near the slit as it was moved 
transverse to the slit. The numbered divisions correspond to motions of the 
target of approximately 1/7 cm or 0.056 in. transverse to the slit. 





Target current 





























2 
Target setting 


Fig. 2. Electron beam, 


The curves in Fig. 2 show the results for a 20 mil target. The impacting 
speed was such as to produce large secondary emission in each case—in curve 
1 this emission was allowed to leave; in curve 2 the field prevented secondary 
emission. In curve 1 the cylinders were maintained at a potential of 240 volts 
positive and the target 142 volts positive with respect to the source, F. Be- 
tween the target and its surroundings was a potential difference of 98 volts, 
the field being in such a direction as to aid electrons in leaving the target. 
There is no current to the target until it comes into the direct electron 
beam from the slit. It rapidly approaches a maximum value and main- 
tains this value while the target is moved about 1/7 mm transverse to the 
slit. 

In the second curve, the target is 142 volts positive, but the cylinders have 
been lowered to 60 volts positive with respect to the source. The general 
shape of the curve is much the same as before except that the current is re- 
versed in sense. The flat plateau on both of these curves indicates that the 








O84 PAUL L, COPELAND 


target is larger than the electron beam and hence receives the full current for 
a number of settings. This result would be expected from the dimensions 
involved. When using a 20 mil filament, the target is enough larger than the 
beam so that the primary current can be considered constant as the field 
about the target is changed. Probably also a 10 mil target receives nearly all 
of the current through the slit. 


INFLUENCE OF THE SURFACE ELECTRIC FIELD ON SECONDARY EMIssION 

To investigate the fields present at the surface of the target, the current 
carried by the target was observed as a function of the applied field, all the 
other conditions being held as nearly constant as possible. A given potential,’ 
which for any single curve was held constant, was applied between the fila- 
ment and the target. The effect of variation of secondary emission with 
bombarding velocity was thus eliminated. In the curves which follow, the 
abscissas give the potential of the cylinders, C and .J/, relative to the target. 
The ordinates give the net current to the target. Electron currents to the 
target are plotted as negative. 

In the investigation of surface fields, a tungsten wire, without any special 
treatment whatever, was fastened in place asa target. The current to the tar- 
get was then measured for different fields determined by the potential of the 
cylinders relative to the target, and the resulting curve was plotted. The tar- 
get was then cleaned by heating it to incandescence,‘ and after this the ob- 
servations of target current against cylinder potential were repeated. The 
difference in the shape of the two curves thus obtained indicates the influence 
of the impurities eliminated by the heating. 

The curve indicated as number 1 in Fig. 3 was obtained soon after the 
target had been cleaned through heating it by an electric current. At the left 
of the curve, the negative current is not increasing; very few of the electrons 
are reflected with sufficient velocity to overcome these high retarding fields. 
As the potential of the cylinders is raised, an increasing number of electrons 
leave the target; this decreases the net current. The increase of the return 
current is particularly rapid when the retarding field is removed, for this 
enables the slow speed electrons to leave. Finally, the net current is reversed 
in sign; more electrons leave the target than strike it. In addition, then, 
to the electrons of the original beam which have been reflected, there must 
be others in the return current liberated by ionization at the surface. The 
positive current comes to a maximum value at once. This saturation of the 
secondary -current with low positive potentials is exactly what we should 
expect; all the secondary electrons are able to leave the target if no field re- 
tards their escape. 

The case is different, however, for targets which have surface contamina- 
tion. The second curve indicated in Fig. 3 is one obtained just before the 


° It was found that electrons of 100 volts energy produced secondary currents of suitable 
value, and in the curves which follow, the source was maintained 100 volts negative with 
respect to the target unless some other value is given. 

‘Such high temperatures were later found to be unnecessary for the removal of the 
impurities causing the pronounced effects observed. 
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heating of the target. The most significant feature is the poor saturation of 
the positive current. This must be due to retarding fields in the neighborhood 
of the target surface; otherwise we would expect all electrons emitted to be 
able to leave the target. This poor saturation appears to be the analogue of 
that observed for composite surfaces in thermionic emission. This has been 
explained as an effect of the fields in the neighborhood of the filament surface. 
Somewhat similar fields must exist here. 












Target current 





2 Ee ee ee 








Retaining field Expelling field 
-50 0 +50 
Potential of cylinders (volts) 





Fig. 3. Influence of electric field on secondary emission. 


An attempt was made to observe by the present method fields due to 
thorium on a tungsten filament. That a surface field exists about an incan- 
descent filament partly covered with thorium is known from saturation 
characteristics in thermionic emission. The results in the case of reflected 
electrons, however were not decisive. The effect of thorium on the saturation 
curve does not appear to be as pronounced as that due to the more easily 
volatilized impurities responsible for the above results. 


INSULATING PROPERTY OF THIN OIL FILMs 


The erratic behavior of metal surfaces contaminated by slight quantities 
of oil or wax have been at various times observed. Stuhlmann and Compton? 
in attempting to account for abnormally high velocities of photoelectrons 
showed that slight quantities of wax vapor could result in surface charges, 
sometimes as high as 60 volts, which acted in some respects as a contact dif- 
ference of potential. A real contact potential difference of this amount is 
hardly plausible, and it would seem likely that the results are to be attributed 
to an insulating layer which was charged as high as sixty volts before the 
insulation broke down. 

In the present experiment in the case of extreme contamination by oil 
particles, an interesting kind of “one way conduction” was observed which 
can be explained as due to an insulating layer. In the apparatus used for this 
experiment, the target was fastened onto wires entering the vacuum system 


§ Stuhlmann and Compton, Phys. Rev. 2, 199 (1913). 
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through a stop-cock. Oil was placed around the top of the stop-cock; the 
stop-cock was then raised slightly from its socket, and the oil was injected 
into the system asa spray. The curve of Fig. 4, obtained after such treatment, 
follows the axis for a considerable range of potentials. The number of elec- 
trons striking the target in this range just equals the number leaving it. This 
rather striking result was confirmed by repeating the treatment several times. 

To explain this we must suppose that the oil forms an insulating layer on 
the surface of the target which breaks down at some critical potential, 
apparently about 50 volts. The difficulty is that with retarding fields, even 
for small values of these fields, a negative current is indicated. To explain the 
entire curve on the basis of a continuous insulating layer would demand the 
assumption of some sort of one way conduction in the layer. 
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Fig. 4. Insulation due to oil film. 


The curve can, however, be explained on two assumptions: first that the 
surface is only partially covered with minute droplets of oil, and second that 
these insulate only below some critical potential of about 50 volts; the insula- 
tion then breaks down. This leads to the insulation observed for small ac- 
celerating fields, which corresponds to the region B of the curve. The oil sur- 
face is raised by the more than one hundred percent reflection up to the po- 
tential of the cylinders,® and after this the secondary equals the primary 
current. The total current is zero. At higher potentials, such as in the region 
A, the insulation breaks down; electrons are supplied through the layer, and 
more than one hundred percent secondary current results. As soon as the po- 
tential of the cylinders has been reduced below that of the target, the pri- 
mary and secondary currents find a way to the clean metal somewhat as 


6 See Fig. 3. The zero of current for the contaminated surface closely approaches the zero 
of the applied field. The zero of current does not usually fall more than five volts from the zero 
of applied potential. It should be noted that the argument used here does not depend upon the 
zero of current being exactly at the zero of the applied field. 











SECONDARY ELECTRONS 987 


shown in the lower sketch at the right of Fig. 4. This accounts for the nega- 
tive currents indicated in the region C. 

The apparent breakdown potential of this thin film is interesting. It has 
been known, of course, for some time that vaseline and other oils, which are 
ordinarily good insulators, may be used in thin films on electrical contacts to 
lower the resistance. The assumptions made above concerning this thin film 
and its breakdown potential appear to be in substantial agreement with the 
results of a number of rather detailed investigations’:* in which thin films 
(about 10u thick) were included between two conducting planes to which a 
potential difference was applied. This was a simple and direct method of 
investigation; the results obtained could be interpreted quantitatively at 
once. The results obtained in the present experiment are of a more compli- 
cated nature; exact quantitative interpretations are perhaps impossible. The 
present verification of the effect, however, has some advantages. The results 




















€ 
i. 
3 
5) | 
Ww 
S } 
(s 
| 
| | | 
| 
“29 0 25 50 75 100 125 150 175 


Potential of cylinders (volts) 


Fig. 5. Insulation at lower bombarding potentials. 


of the present experiment eliminate the objection (possible in the case of the 
previous investigations although perhaps unfair in view of the care with 
which they were performed) that the breakdown obtained might be due to 
small projections of metal completing the circuit between the plates. In this 
experiment, small projecting areas are assumed to exist to explain the shape 
of the curves obtained. The breakdown, however, is evident; the positive 
current observed depends upon ionization over very considerable areas of the 
target surface to which the charge must be supplied through the oil. By the 
same argument, the experiment would seem to indicate something as to the 
nature of the phenomenon, because an explanation of the above results seems 
to demand the assumption of conductivity in the film over considerable areas. 
Some theories’ have treated the conductivity as quite local. 
7 L. Briininghaus, Comptes Rendus, 188, 1386-88 (1929). 


® H. E. Watson and A. S. Menon, Roy. Soc. Proc. 123, 185-202 (1929). 
® A. Gyemant, Phys. Zeits. 30, 33-58 (1929). 
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It is probable, however, that the general electronic bombardment of the 
oil surface causes the disturbance to become quite general over the film. If, 
for instance, the theory of Giintherschulze" is correct and the breakdown is 
due to the movement of the ions in the film producing strong local heating 
with evaporation and the formation of gas bubbles in which the discharge 
takes place, it may be that the heating or the ionization produced by the im- 
pact of an electron would make such a breakdown more probable. The impact 
of electrons of the primary beam does in fact influence the breakdown. If the 
energy of the electrons striking the surface is greater than 100 volts, the 
breakdown occurs at a lower potential than indicated in Fig. 4. If the incident 
electrons are slow, the breakdown occurs at a higher potential. Fig. 5 shows 
the results for a bombarding velocity corresponding to 70 volts difference 
between the target and source. The curve follows the axis for a greater range 
of cylinder potentials than the curve of Fig. 4. The effect is even more pro- 
nounced at lower bombarding potentials. 

In the present experiment, discharge does not occur between two metallic 
electrodes. The conduction appears to be from the metal to the surface of the 
film from which the charge may be dislodged only by electronic impact. The 
present results suggest that the conduction is continuous and general for the 
bombarded parts of the film. 


CONCLUSIONS 


The experiments reported here lead to the conclusions: 

1. Strong fields are set up in the neighborhood of a contaminated surface 
retarding the escape of reflected electrons. 

2. In extreme cases of oil contamination the impurities form an insulating 
film which breaks down at some critical value of the applied field. 

3. The breakdown potential of a given film varies with the energy of the 
incident electrons. 

4. The conductivity observed in these films appears to be rather general 
and continuous. 

The writer wishes to thank the members of the staff of the Department of 
Physics of the State University of fowa for their interest and assistance. 
Thanks are especially due to Professor J. A. Eldridge who suggested and 
directed the investigation, 


*© A. Giintherschulze, Jahrbuch d. Radioakt. u. Elektr. 19, 92 (1922). 
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THOMSON EFFECT IN ZINC CRYSTALS 


By L. A. WARE 
Puysics LABORATORY, UNIVERSITY OF IOWA 


(Received March 4, 1930) 


ABSTRACT 


The Thomson coefficient, o, is directly determined for a group of zinc crystal rods 
with orientations distributed fairly uniformly over the entire possible range. At 
49.5°C and at 125°C the values of « seem to obey the Voigt-Thomson symmetry 
relation, although not as good a check is obtained at the higher temperature on 
account of increased experimental error. The principal values obtained are: 

At 49.5°C, ¢ 1 =0.98 X 10~ cal.- coul.~!- deg. 
oi =0.38X10-° “ ° . 

At 125°C, o1 =2.09x10~* “ . ° 
oj =1.08x10-° “ , . 


The values at 49.5°C are found to compare favorably with values for polycrystalline 
zine calculated from Sommerfeld’s theory of conduction, (0.32 X10-* cal.-coul.~- 
deg.~'), and found by Borelius experimentally, (0.88 x 10~ cal.-coul.~!- deg.~'). The 
increase of o with increased temperature is greater than has been previously reported 
for polycrystalline zinc but is in approximate agreement with some earlier determina- 
tions by the writer. In addition, specific resistivity and temperature coefficient of resistiv- 
itv are determined. 


INTRODUCTION 


BOUT two years ago the writer determined directly values of the Thom- 

son coefficient for a few zinc single crystals! of orientations® near 0° and 
90°. The main emphasis in this earlier work was placed on the variation of ¢, 
the Thomson coefficient, with temperature, although it was possible to make 
some comparison with values of (¢1—o¢;) computed from the previously 
published thermal e.m.f. determinations of Linder,’ Bridgman,‘ and Griinei- 
sen and Goens.’ Following the work just mentioned, some determinations of ¢ 
were made at a single temperature, (about 50°C), on a group of crystals cover- 
ing a wider range of orientations, particularly with a view to checking the 
Voigt-Thomson symmetry relation for the Thomson coefficient. These crys- 
tals were a by-product of the investigations of Tyndall* and of Hoyem and 
Tyndall’ and were therefore grown under somewhat different conditions and 


1M. S. Thesis. University of lowa, 1927; not published. 

? Orientation, for a hexagonal crystal, is defined as the angle between the main crystallo- 
graphic axis and the length of the specimen. 

3 E. G. Linder, Phys. Rev. 26, 486 (1925); 29, 554 (1927). 

4P. W. Bridgman, Nat. Acad. Sci. Proc. 11, 608 (1925); Proc. Amer. Acad. Sci. 61, 101 
(1926). 

5 Griineisen and Goens, Zeits. f. Physik 37, 378 (1926). 

*E. P. T. Tyndall, Phys. Rev. 31, 313 (1928). 

7 A. G. Hoyem, and E. P. T. Tyndall, Phys. Rev. 33, 81 (1929). 
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throughout a rather long period of time. It is certain also that the zinc came 
from several lots (although of the same kind of zinc). In view of other work 
done recently in this laboratory, it is not now surprising that such a miscel- 
laneous series of crystals failed to give very consistent results. In particular 
g was not determined as a definite function of the orientation. A third series 
covering a good range of orientations was therefore prepared by Mr. Hoyem. 
The crystals were made consecutively, were grown at the same rate, were of 
very nearly the same diameter, and the zinc came from only one original con- 
tainer. The material was Kahlbanm’s best zinc. The work reported herein 
consists mainly of a direct determination of the Thomson coefficient at two 
temperatures (49.5°C and 125°C) for each crystal of this last series. From 
these data it is possible to check the usual thermodynamic theory of thermo- 
electricity and to test the Voigt-Thomson symmetry relation directly for o. 

In addition the specific resistance at 20°C and the temperature coef- 
ficient of resistivity were measured, mainly as tests for purity of the zinc, 
freedom of the crystals from strain, etc. 


APPARATUS AND EXPERIMENTAL PROCEDURE 


The Thomson coefficient was measured in the fashion described by Nettle- 
ton® with some slight modifications which are described below. In this 
method the two ends of the specimen, which is a short wire or rod, are kept at 
constant, but different temperatures. At the same time a current, /;, is passed 
in such a direction through the specimen that the Thomson effect causes a 
generation of heat. If this current is reversed the temperature at the center 
of the specimen will decrease slightly, as the Thomson heat is now being sub- 
tracted. If, however, on reversal, a suitable increase in the current, to Js, is 
made an extra generation of Joulean heat compensates for the previous loss 
and the temperature remains unchanged. The apparatus is designed to meas- 
ure directly the difference between J. and /;( =i») and to detect, with a bolo- 
meter coil and a Wheatstone bridge, any change in temperature at the center 
of the crystal, so that the state of zero-change may be found. Let R represent 
the resistance of the crystals, U, the difference in temperature between the 
two ends, and J, the constant 4.18 joules per calorie. Then, as Nettleton has 
shown, the Thomson coefficient, ¢, will be given by the equation, ¢ =%R/ JU 
cal.-coul.-'-deg.-' provided certain conditions are satisfied. It is believed 
that all these are satisfied in the present work except that the crystals were 
made longer than Nettleton considered because of their very low resistance. 
The heat insulation was improved greatly, however, over previous methods 
and it seems certain that the equation is satisfactory for the lengths and diam- 
eters used. 

To determine the specific resistance, p, and the temperature coefficient of 
resistivity, a, curves were plotted for resistance against temperature between 
room temperature and 110°C. For a linear relationship between resistance 
and temperature, a is given by ;— 


8 H. R. Nettleton, Proc. Phys. Soc. Lond. 34, 77 (1921); 29, 59 (1916). 
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= 2 
top — ty 


in which p=R,/R2; Ri and Rz being resistances measured at temperatures 
and f, respectively. The specific resistance at any temperature is given by: 


p = RM/éL2 


where R is the resistance at the desired temperature, 1/ is the mass of the crys- 
tal, 6 is the density, and L is the length. The resistance measurements were 
made by the usual potentiometer method, the crystal being immersed in a 
constant temperature oil-bath heated by an electric heating coil. The bath 
could be adjusted easily for any temperature between room temperature and 
125°C. In this case, room temperature to 110°C was used as the range. 

Fig. 1 shows the arrangement of apparatus used to measure the Thomson 
coefficient. The details of the terminals JJ and C will be considered with 
Fig. 3. In Fig. 1, /7 represents the hot end of the crystal and C, the cold. V is 
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Fig. 1. Apparatus wiring diagram, 
































a source of 12 volts for which storage batteries were used so that the current 
would be as uniform as possible. B, and B, represent the two bolometer coils 
wound around the middle third of the crystal for the purpose of detecting a 
change in temperature when the current through the crystal is reversed. 
Apparently only one coil was used by Nettleton, but the use of two coils in 
opposite arms of the Wheatstone bridge was adopted on account of the in- 
creased sensitivity. The bridge is shown in Fig. 2. Actually the windings of 
B, and By are interspaced as shown in Fig. 1 although shown separated in 
Fig. 2 to render the electrical connections clearer. In Fig. 1 the resistance 1 is 
about 10 ohms, 2 is a 500 ohm resistance box adjustable to 0.1 ohm, 3 is a 
rheostat of 2000 ohms, and 4, which controls the main current, is 47 ohms. 
The switch S is especially constructed to be very rapid and of very low resist- 
ance. E is a source of 110 volts A.C. supplying the heater coils at both ends of 
the crystal. 

Fig. 3 presents the method of producing the constant temperatures at the 
ends of the crystals. Brass blocks were turned down to make the pieces A and 
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B, each about one inch in diameter and 1.5 inches long. A was threaded into 
the end of the basin C so that the crystal could be directly connected to it. An 
opening D was made in A to facilitate the circulation of water. On A, a heat- 
ing coil was wound of No. 24 Karma wire and leads taken out. The heating 
coil was used to melt the solder for the purpose of either putting the crystal in 
place or removing it. A screen partition, £, was placed as shown to prevent 
the ice getting into the stirrer. This arrangement maintained the cold end of 
the crystal very constantly at about one degree above 0°C. At //, a double 



































Fig. 2. Wheatstone bridge connection. 


cylinder was used with heat insulating powder in the space F. The block, B, 
was similar in all respects to A, it being threaded into the end of the cylinder, 
and having a heating coil for the double purpose of mounting the crystal and 
heating the enclosure to a constant temperature when readings were being 
made. During an experiment the space, G, was filled with water and main- 
tained by the heater at very nearly the boiling point. The thermometer, 7’, 
was used to read the temperature. By keeping the current about 0.9 ampere, 
B could be maintained at a remarkably uniform temperature for about three 
hours. Thus was obtained a very satisfactory method of maintaining a tem- 


= ANDO WATER 


























Fig. 3. Details of hot and cold terminals. 


perature difference of about 97°C for a considerable length of time and it 
proved to be a much better method than that used later in obtaining the re- 
sults for an average temperature of 125°C. 

The details of the bridge circuit are shown in Fig. 2. Here, Ri is a fixed 
resistance of about 6 ohms which, with as much of the wiring as possible,was 
inclosed in a heat insulated box. R: is a resistance made up of shunts across a 
coil, similar to R;, and in series with a slide wire resistance of 0.1 ohm capable 
of adjustment to about 0.01 ohm. The function of the two coils, B; and Bs, has 
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been described already. The compensating coils, C; and C2, are used to de- 
crease the drift of the galvanometer due to the change of resistance of the 
leads to B,; and B.. B,, Bs, and Re as well as R; are all about 6 ohms resistance. 
The bolometer coils and compensators were constructed of No. 40 copper wire 
silk insulated. The Wheatstone bridge thus arranged proved to be much 
more sensitive than the arrangement used in the previous work, which con- 
tained only one bolometer coil and no compensating coils. 

For the purpose of determining o at the average temperature of 125°C it 
Was necessary to make a few minor changes in the arrangement shown in 
Figs. 1 and 3. In Fig. 1 the source, V, was reversed as well as all the meters 
contained in the circuit. A little inspection will demonstrate that this allows 
the measurement of positive o* if H and C are also interchanged. In this case 
the method of heating /7 was unchanged, it being, as before, maintained near 
the boiling point of water. However, the ice water in C was removed and po- 
larine oil was substituted. The heating coil on A was brought into use and the 
temperature of the oil maintained at about 150°C. Here it was rather diffi- 
cult to maintain the temperature sufhciently constant, a condition which 
slowed the procedure somewhat. The temperature at the hot end of the 
crystal was measured by a sensitive thermometer placed in the opening, D. 
The readings of the thermometers at both ends of the crystal were checked by 
means of thermocouples connected to the face of A and B near the ends of the 
crystal. It was found that the temperature gradient determined from the 
readings of the thermometers differed from the actual gradient by about 2 
percent. In computing the results, a suitable correction was, of course, made. 

Measurements on the crystals were taken as follows. First a crystal is 
carefully cut to about 9 cm length, weighed, and to each end is soldered, by a 
very small amount of solder, a small copper wire, at about the middle of the 
wire, so that its two ends can serve as current and potential leads, respec- 
tively, for the resistance measurements. The crystal is then suspended in the 
oil bath, the heater in the oil bath is adjusted for the desired temperature, and 
the assembly is allowed to stand until the temperature, as indicated on a 
calibrated thermometer, is steady. A current of 0.3 ampere is then sent 
through the crystal and the P.D. read on the potentiometer. The current is 
reversed and readings made again. The average of four readings, (two in each 
direction), gives sufficient data to determine the resistance at this particular 
temperature. This is repeated for six or seven different temperatures and a 
curve plotted from which p and a can be determined. 

After these data have been obtained the crystal is taken from the oil bath, 
the leads unsoldered, and two bolometer coils wound on at the center as 
indicated above. The heaters A and B of Fig. 3 are then started and when 
sufficiently hot the crystal is soldered closely against the face of A and B as 
there indicated. It is necessary in this procedure to be very careful not to 
strain the crystal. When the crystal has been fastened in place and the bolo- 
meter and compensating coils have been connected to the bridge, kieselguhr is 


* ¢ is positive if heat is generated for current flow down the temperature gradient. 
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packed into the space between A and B and around the crystal to a radius of 
about 5 cm. Over this is packed a considerable amount of cotton and the ap- 
paratus is ready for the establishment of a temperature gradient. The space, 
G, is filled with water, and with the thermometer in place the current is es- 
tablished through the heater, B. It is given a high value at first and as the 
temperature approaches 98° or 99°C it is reduced to 0.9 ampere, where it is 
left. In the meantime, with the current shut off in A, the container is filled 
with water, the screen put in place, and the space above the screen filled with 
cracked ice. The stirrer is then started and the whole assembly is allowed to 
attain a steady state. As it begins to approach such a state the currents 
through the Wheatstone bridge and through the crystal are established. A 
determination of the balancing current, Zo, is made as follows: Referring to 
Fig. 1, it is seen that with the switch, S, to the left the main current divides, 
part going through the crystal and part through the milliammeter, M.A. 
When S is thrown to the right all the line current goes through the crystal. 
Thus the current through the crystal has been increased on reversal and if the 
rheostats 1 and 3 are correctly adjusted, the milliammeter, for any particular 
setting of resistance 2 and the main current, will read the same for either 
position of the switch, S. In this case the reading of the milliammeter is the 
7) required in the working equation. Thus it is necessary first to adjust resis- 
tances, 1 and 3, (Fig. 1), so that the milliammeter reads the same for both 
positions of S, then, if the system is otherwise balanced, some value of 7 is 
tried and the bridge, (Fig. 2), is adjusted for left position of S. Switch S is 
then thrown to the right and if the bridge indicates a decrease of temperature 
at the center of the crystal, 7 is increased, and the procedure repeated until it 
is just determinable that the current, 7, is too low. A similar process is gone 
through with z being successively reduced from a value initially too high. 
The balancing current, 7), is the mean of these two limiting values of 7. The 
difference between these two values is generally less than 10 percent of 7. 

The procedure for the determination of o at the higher temperature, 
125°C, is similar to that at 49.5°C. However, in this case it should be pointed 
out that it was not so easy to maintain a constant temperature at the hot end. 
This introduced a certain amount of unsteadiness, and a corresponding 
decrease in the reliability of the results. 


RESULTS - 

The experimental results are exhibited graphically in Figs. 4 and 5. The 
specific resistance will be considered first. It is plotted in Fig. + against the 
square of the cosine of the orientation. This plot should yield a straight 
line since the validity of the Voigt-Thomson law for specific resistance of zinc 
crystals has been established, particularly by Bridgman.* The solid straight 


line shown is that for data recently obtained by Bridgman.® It is actually 
drawn by him through the lowest of his points, in spite of the fact that the 


* The Voigt-Thomson symmetry relation states that the thermo-electric effects in crystals 
plotted against the square of the cosine of the angle of orientation should yield a straight line. 
® P. W. Bridgman, Proc. Am. Acad. Arts and Sc. 63, 351 (1929). 
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scattering of his observations is about half as great as that shown in Fig. 4. 
This procedure is justified by his discovery that any very slight strain raises 
the resistance of a zinc crystal. Five of the writer’s crystals were therefore 
rechecked with the purpose of determining what effect resulted from inten- 
tional slight strains. The points so obtained are indicated by triangles. In 
two cases the resistivity changed and it increased. Of the three crystals which 
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Fig. 4. Specific resistivity in ohms per cm’ plotted against cos’, 


did not change in resistivity, two already had high values and the other 
probably was not very much strained as it was a 90° crystal and therefore 
stiff. The greatest increase was about 3 percent. It will be noted also that the 
value for crystal No. 20, (9 =5.8X10-, cos’? =0.22) has increased due to an- 
nealing. However, this crystal has shown very inconsistent results in other 
respects. Following the idea of Bridgman that the lowest values are more 
probably correct, the dashed straight line has been drawn through four low 
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Fig. 5. The Thomson coefficient in cal.- coul.~'-deg.~! as a function of cos*é. 


points neglecting the point for crystal No. 20. The values of p obtained from 
this line for cos’??=0 and cos@=1 are: p.=5.78X10-*, p;)=6.05X10°°. 
These given for (p;—:), 0.27 whereas Bridgman obtains 0.23. Bridgman’s 
ratio p/p. is 1.04 while the values above yield 1.05. Griineisen and Goens 
obtain 1.08. The agreement with Bridgman in the matter of specific resistance 
and the effect of strains is quite satisfactory. 
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The variation of resistance with temperature, between 20°C and 110°C is 
for all but four of the crystals accurately linear. These four show only a very 
slight deviation. The temperature coethcient, a, was therefore computed in 
the manner explained above. The values of a lie between 0.00413 and 0.00437 
and show no very certain variation with orientation. The average value is 
0.00425, a value about 2 percent higher than that obtained by Bridgman. 

The values of the Thomson coethcient for both 49.5°C and 125°C are 
presented in Fig. 5. If the best straight line is drawn through the points for 
49.5°C it will be found that the deviation from the line is, in all except two 
cases, within the experimental error. These two cases are those of crystals 
No. 20 and No. 21, (@=62°). No. 20 has already been mentioned in the case 
of resistivity as being anomalous and here it is seen that even at 125°C the 
value of o is lower than for 49.5°C. Also, No. 20 was annealed, as mentioned 
before, and the same value for ¢ was again obtained at 49.5°C. There was no 
visible evidence of No. 20 or No. 21 being different from the other crystals 
and the explanation of their deviation is not readily apparent. 

Although a straight line has been drawn through the points for 125°C, the 
writer does not claim that the data afford a test of the Voigt-Thomson sym- 
metry relation at this temperature. The deviations from the line as drawn are 
no greater, however, than the experimental error at this temperature. More- 
over the value of (¢:—o ), obtained from this line and stated just below 
agrees as well with indirectly determined values as is the case at 49.5°C. 

The values of a: and a at 49.5°C are 0.98 X 10~ cal.-coul.~!-deg.~! and 
0.38X10°° cal.-coul.'-deg.! respectively. Thus a value of (¢.-—@), 
0.60 X 10° * cal.-coul.~!-deg.! results. From the relation, (¢.-—o0 )=T @E 
d1°, Bridgman? obtains 0.661 X 10~*, Griineisen and Goens,® 0.622 K 10-°, and 
Linder,’ 0.521 KX 10° * cal.-coul.~!- deg. ' At 125°C the writer obtains the value 
1.01 X10°* cal.-coul.'-deg.-' as compared with Bridgman’'s® 0.813 x 10-*, 
Griineisen and Goens’ 1.12 X10 ®, and Linder’s 0.795 XK 10° * cal. -coul~!- deg.~! 
Borelius and Gunneson'’ have made measurements on several polycrystalline 
metals and obtain for zinc at 49.5°C, 0.885 X10~* cal.-coul.-'-deg.-! Taking 
054.5 as representative of gin polycrvstalline zinc, the writer obtains 0.78 X 10-6 
cal.-coul.~!-deg.~! The difference in purity of the material used by the various 
investigators may well account for the rather wide range of values obtained. 

In general it can be said that the observation of Bridgman concerning re- 
sistivity is substantiated. The average value of a obtained is slightly higher 
than that given by Bridgman and there appears to be a somewhat greater 
difference between a. and a; than that which Bridgman finds. The values of 
(91 —o\) for 49.5°C agree with those calculated by the thermodynamic for- 
mula from the previously observed thermal e.m.f. vs. temperature curve. 
The Voigt-Thomson relation is supported within the limits of error by the 
data on 49.5. The data on o;,; are presented for what they may be worth. 

Sommerfeld," by an extension of his theory of electrical conduction, has 


10 G. Borelius and F. Gunneson, Ann. d. Physik 65, 520 (1921). 
" A, Sommerfeld, Zeits. f. Physik 47, 143 (1928). 
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developed an equation for the Thomson coefficient which to the first approxi- 


mation is: 
2x? mk? T [8r] 2/8 
eS eS ae 
3 eh? 3n 


which is seen to be dependent on 7, the absolute temperature, and n, the 
number of atoms per cc, only as variables. This, calculated for zinc, gives, at 
49.5°C, 0.32 X 10-6 cal.-coul. '-deg.-', a value agreeing, in order of magnitude 
with existing data. 

No theory has been developed for the Thomson effect in single crystals, 
although Houston™ has extended his work in this direction. 

The writer wishes to express his thanks to Dr. E. P. T. Tyndall, under 
whose direction this work was undertaken, for his help and encouragement at 
all times. He wishes also to thank Mr. Hoyem for so kindly consenting to 
grow the crystals used in this work. Thanks are also extended to members of 
the department for their advice and suggestions. 


3 W, V. Houston, Zeits. f. Physik 48, 449 (1928) 
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E.M.F., RESISTANCE, AND CAPACITANCE PHENOMENA IN 
PHOTOVOLTAIC CELLS CONTAINING GRIGNARD 
REAGENTS 
By H. E. HamMonp 
UNIVERSITY OF Missouri 
(Received February 10, 1930) 


ABSTRACT 

E.m.f., resistance, and polarization capacitance have been measured in light- 
sensitive cells containing ether solutions of Grignard reagents in an effort to de- 
termine whether the known voltage variations with illumination are due to ionization 
changes or to electrode-film variations. Voltage alterations with illumination or 
x-ray irradiation are described. Resistance variations with illumination are found 
in ethylmagnesium bromide cells but not in phenylmagnesium bromide cells until a 
“forming” process has been carried out. Solvation changes seem to offer a more 
reasonable explanation than ionization changes. Capacitance changes seem un- 
related to resistance or voltage changes. Unsymmetrical resistances are noted in 
several cases. Capacitances as high as 7 mf per cm® of electrode area have been 
found. Film thicknesses are estimated to be of approximately molecular dimensions, 
greater for benzene-ring compounds than for short-chain compounds. Voltage 
Variations are thought to be due to phenomena taking place on or very near electrode 
surfaces. 


HE Becquerel effect is the name applied to an alteration of the electro- 

motive force of a voltaic cell upon exposure of the cell to light. Originally 
found by Becquerel' to take place in a cell having platinum or silver plates 
coated with a silver halide and immersed in dilute sulphuric acid, the effect 
was later discovered by Rigollot? to exist with solutions of fluorescent dyes. 
Now the effect is known to be very common. Through the work of Nichols 
and Merritt,® Hodge,‘ and others, the effect has been shown to be located at 
or very near the electrode surface in the case of the dye solutions. Goldmann® 
offered a theory based on the photoelectric effect. Baur® proposed a photo- 
chemical theory for the effect, which has been upheld by Garrison,’ Tucker,® 
and Russell* among others. A reasonably comprehensive survey of the work 
carried on with solutions in water and in absolute alcohol is presented by 
Lifschitz and Hooghoudt.!? 


1 E. Becquerel, Compt. Rend. 9, 145 (1839). 

2M. H. Rigollot, Compt. Rend. 116, 878 (1893). 

* Nichols and Merritt, Phys. Rev. 19, 415 (1904). 

4 P. Hodge, Phys. Rev. 28, 25 (1909). 

§ A. Goldmann, Ann. d. Physik 27, 449 (1908). 

°. Baur, Zeits. f. Phys. Chemie 63, 683 (1908). 

7 A. D. Garrison, Jour. Phys. Chem. 28, 334 (1924). 

*C. W. Tucker, Jour. Phys. Chem. 31, 1357 (1927). 

*H. W. Russell, Phys. Rev. 32, 667 (1928). 

1” Lifschitz and Hooghoudt, Zeits. f. Phys. Chemie 128, 87 (1927). 
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A number of papers have been published on the luminescence of Grig- 
nard compounds, organo-magnesium halides, under suitable conditions." 
Kondyrew™ showed that cells containing ether solutions of ethylmagnesium 
bromide produced an e.m.f. He also measured the temperature-resistance 
coefficient. Such cells show the Becquerel effect." Considerable work, 
much of it as yet unpublished, has been done by others on the variation of 
the e.m.f. of Grignard cells with changes in illumination, in wave-length of 
light used, in temperature, etc. 

The primary purpose of this investigation was to uncover new evidence 
as to whether the photovoltaic effect in Grignard cells took place on or near 
the electrodes or in the body of the electrolyte. A photoelectric effect should 
produce a change in the conductivity of the solution and an alteration in 
an electrode film might cause a detectable change in the cell capacitance. 
The method employed contemplated tests of many such cells, first as to the 
nature and magnitude of e.m.f. alterations, second as to the existence and 
magnitude of any resistance and capacitance changes under exposure to 
light or to x-rays. The results obtained suggested a further investigation of 
certain of the effects of electrolysis on these cells, a feature not originally 
planned. Certain interesting results were obtained. 

Most of the cells were made up in one-inch test tubes with the electrodes 
mounted on glass tubes passing through rubber stoppers. The supporting 
wires were either of the same materials as the electrodes or else the electrodes 
were long enough to keep the wires out of the solutions. A few H-cells with 
one electrode in each arm were used. Some cells hermetically sealed in glass 
were made, since it was desired to test whether the properties were retained 
for a long time, if the evaporation of the ether was prevented. The Grig- 
nard reagents were made in an atmosphere of nitrogen, but in the solution 
there may be formed an etherate of the magnesium halide. It has not been 
possible to determine how far these etherates influenced the actions noted. 
The compounds used were phenylmagnesium bromide, ethylmagnesium bro- 
mide, the corresponding iodides, and bromo-ethylmagnesium bromide. These 
compounds were used because previous work by others had shown that they 
gave the largest photovoltaic responses. Various concentrations and electrode 
combinations were used. 

The cells were mounted in a constant-temperature water bath packed in 
sawdust in a large light-proof box provided with a window and sliding shut- 
ter. Each cell was in a separate stall. A shielded cable ran from the cell- 
box to a selector panel by which any cell could be connected to the measuring 
apparatus. A 1000-watt lamp was used as the light source and the light 
was concentrated upon the cell under test by means of a large glass lens. 
An x-ray tube was also available. 


1! Dufford, Nightingale, and Gaddum, Jour. Am. Chem. Soc. 49, 1858 (1927). 

2 R. T. Dufford, Jour. Opt. Soc. Amer. 18, 17 (1929) and R. T. Dufford, Phys. Rev. 33 
119 (1929), 
18 N. W. Kondyrew, Ber. D. Deutsch. Chem. Gesell. 58, 464 (1925). 
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A Leeds and Northrup potentiometer, type 7651, was used for e.m-f. 
measurements and the slide-wire of the same instrument with extensions 
for the ratio-arms of the bridge. A microphone hummer and a tuned vacuum- 
tube oscillator gave 1000-cycle current for the bridge. The oscillators were 
remote from the bridge and current was brought up by a shielded cable. 
The bridge circuit was that described by Jones and Josephs", but a two-mf 
mica condenser was connected in series with the cell to prevent the possibility 
Without this precaution, it was found that resistance and 


of polarization. 
test conditions that measurements were 


e.m.f. changed so rapidly under 
meaningless. A diagram of the bridge is shown in Fig. 1. 
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Fig. 1. Diagram of bridge circuit. 


The theory of this bridge is the same as that given by Jones and Josephs 
with the insertion of the capacitance of the condenser mentioned above. In 


order to balance this bridge, two conditions must be fulfilled, as follows: 


RR; 1 | 
R, = —— | —— (1) 
R; 1 + R, C2? 


3( R °C *w? + 1) 
otc at endl (2) 


” a: Sea a 


In these equations Ry. and C2 are the resistance and capacitance of the cell, 
the capacitance being treated as in series with the resistance. Rs; and R, 
are the ratio-arms of the bridge, which were kept equal for the most part. 
C; is the capacitance of the condenser connected in series with the cell, 
and C, a variable capacitance in parallel with the known resistance R). 


4 Jones and Josephs, Jour. Amer. Chem. Soc. 50, 1049 (1928). 











PHOTOVOLTAIC CELLS 1001 


The other resistances and capacitances are parts of the modified Wagner 
ground. The parenthetical correction factor in Eq. (1) is usually near enough 
to unity to be safely neglected, but in some of the cells tested here it was 
found to be as low as 0.75. Eq. (2) made possible the computation of the cell 
capacitance from data obtained during the measurement of the cell resist- 
ance. It can be seen that the balance conditions are functions of the fre- 
quency of the bridge current. Since the oscillators both gave out several 
harmonics, it was never possible to obtain complete silence in the phones, 
but merely to balance out the fundamental. 

A number of tests were made which indicated that the resistance meas- 
ured by the bridge was the electrolytic resistance and was very slightly 
affected, if at all, by films on the electrodes. For example, tests showed that 
variations of the distance between electrodes produced proportional changes 
in the resistance. 

When an approximate value of the cell-resistance was known, bridge 
readings could be taken every minute. Potentiometer readings were taken 
at one-minute or half-minute intervals. Usually cells were illuminated 
for five minutes and then allowed to remain dark for an equal period. 

The tests made can be classified under four general headings, which will 
be discussed in turn. 

(a) The effects of illumination and mechanical agitation on e.mf. Every 
cell was tested in this way. Ordinarily the entire cell was illuminated. With 
H-cells, tests were also made by illuminating separate electrodes or the cross- 
bar. In a few cases, a slit was placed in front of a straight cell so that a nar- 
row ribbon of light passed parallel to the electrode surface or merely through 
the solution. Tests were made with varying degrees of mechanical agitation. 
As most of this part of the work wasa repetition of what had been done by 
others, only the general conclusions will be given. 

The e.m.f. was greatly affected by agitation of the cell and by polariza- 
tion. The photovoltaic effects occurred without noticeable temperature 
changes. Oscillations of e.m.f., due to some unknown cause, took place even 
in the dark. Any change in the electrode surface caused an e.m.f. change, 
for example, exposing the electrode to air for a moment, cleaning the sur- 
face, etc. E.m.f. changed with age of the cell, partly because of concentra- 
tion changes and partly no doubt because of slow electrolysis by minute 
leakage currents. Cells sealed in glass retained properties for many months 
but the e.m.f. varied and also the magnitude of the photovoltaic response. 
Light affected the potential of a given electrode almost invariably in the 
same way. Illumination of the electrolyte alone produced very small effects, 
possibly due to scattered light reaching the electrodes. In a few cases read- 
ings closely spaced showed that the light-e.m.f. effect involved two or three 
successive alterations. These were shown, by illuminating first one elec- 
trode and then the other by means of the narrow slit, to take place part 
near one electrode and part near the other, but very little, if any, in the 
body of the liquid. These tests, in general, favored the belief that the volt- 
age phenomena are mainly localized near the electrodes. As a whole, these 
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conclusions are in agreement with those given in papers by the writer's 
colleague, R. T. Dufford, already quoted": or soon to be published. 

(b) \Jeasurements of e.m.f. as affected by irradiation with x-rays. The 
general results obtained upon exposing certain cells to a beam of x-rays have 
already been reported in a brief note.'? Although they gave some promise 
as a means of measuring X-ray intensities, there were uncertainties about their 
behavior which need clearing up. This x-ray response differed from that pro- 
duced by visible light in magnitude and frequently in sign, indicating that 
it was a different sort of action. Fig. 2 is a typical graph. 

(c) Measurements of e.m.f., resistance, and capacitance of cells as affected 
by visible light or by x-rays. The accuracy of resistance measurements was 
about 0.1 percent, while that of the capacitance measurements was about 
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1 percent. Values of the cell-capacitances found by this bridge agreed with 
those indicated by a Leeds and Northrup Farad Bridge. All the cells studied 
carefully were of the test-tube type with electrodes about 5 mm apart. 
Platinum electrodes were of 1 cm* area, most of the others were of 5 cm? 
area. Resistance of a cell ranged between 500 and 20,000 ohms, capacitance 
from 0.4 to 35 mf. 

Seven cells contained phenylmagnesium bromide with various electrode 
combinations. None of these cells showed any change in resistance upon 
exposure to light when the cells were new, but one, with platinum and cop- 
per electrodes, developed such sensitivity after about six months. The light- 
induced change was a drop of about 1 percent in resistance, recovery taking 


%® R. T. Dufford and H. E. Hammond, Phys. Rev. 33, 124 (1929). 
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place in an equal period. Temperature rise produced an increased resistance 
which persisted as long as the cell was observed, indicating that the light 
effect was a different phenomenon. 

Two cells filled with ethylmagnesium iodide gave no definite light- 
resistance response. 

Four cells contained ethylmagnesium bromide. These were all symmetri- 
cal cells with electrodes of aluminum, platinum, copper, and sodium re- 
spectively. These cells showed lower resistances than those containing phenyl- 
magnesium bromide. The resistances decreased and the capacitances in- 
creased with age in general. A single cell with platinum and aluminum 
electrodes and containing bromo-ethylmagnesium bromide showed a high 
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Fig. 3. Effect of light on e.m.f., resistance and capacitance. Upward-pointing arrows 
indicate when light was turned on; downward-pointing arrows when light was turned off. 
The same notation is followed in succeeding figures. 


initial resistance, which became smaller with age, while the capacitance 
increased. All these cells showed an increase of about 1 or 2 percent in 
resistance during five minutes illumination, followed by recovery in an equal 
period of darkness. The changes in resistance could be detected within a 
few seconds after turning on or off the light. Resistance changes due to 
temperature rise could not be detected so soon and the changed value usually 
persisted after the temperature had come back to the original level. Further- 
more, these light-induced changes were not in the same sense as those due 
to temperature rise in all cases. Figs. 3, 4, and 5 show typical sets of results. 
It was not possible to trace any general interrelation between the changes 
in e.m.f., resistance, and capacitance when the cells were illuminated. Fig. 
4 shows the only example found of any apparent regular relation between 
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the capacitance values and the presence or absence of light on the cell. 
This relation existed for only a part of the test, as can be seen. 

No tests of specific resistance were made for the Grignard solutions, but 
the values must be high in view of the high resistances compared with the 
cell dimensions. Secular variations in resistance ran as high as 50 or 60 per- 
cent, while the light-induced changes never exceeded 2 percent. The former 
changes were not reversible, the latter were. The photoelectric hypothesis 
is not tenable as some of the light-induced changes were increases in resist- 
ance. Neither does it seem reasonable to attribute a voltage variation of 
from 10 to 50 percent to a process which caused a resistance change of only 
1 or 2 percent. The secular changes in resistance were undoubtedly due to 
chemical changes in the cell composition, evidences of which sometimes be- 
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Figs. 4 and 5. Effect of light on e.m.f., resistance, and capacitance. 


came evident to the eye as time went on. The writer believes that the light- 
induced resistance changes were due to temporary and reversible variations 
in solvation of the ions rather than in percentage of ionization. These data, 
therefore, served to strengthen the idea that the voltage phenomena are 
due to changes near the plate surfaces, but the lack of any consistent rela- 
tion between the capacitance changes and the presence or absence of light 
did not give any definite evidence to locate the seat of action on the surface 
itself. 

Operation of the x-ray apparatus caused so much noise in the phones 
that the bridge could not be balanced while the cell was being irradiated. 
If the resistance or capacitance was affected by x-rays, the effect did not 
persist long enough to be measured after the apparatus was shut off. 
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As the high-frequency bridge current sometimes altered the e.m.f. of 
the cells, the potentiometer tests were always made first and the bridge 
measurements as soon as possible thereafter. 

(d) The development of light-resistance sensitivity in one phenylmag- 
nesium bromide cell after several months suggested that electrolysis of these 
cells might vield some interesting results. The high values of the capacitance 
per unit area in several of the cells also increased the belief that interesting 
data of that sort might be found by an application of the electrolytic or 
“forming” process. Although this feature was not a part of the program 
originally outlined, it was hoped that something bearing on the gen- 
eral question might be developed. 

Electrolysis of ether solutions shows some features not common to aque- 
ous solution. Ollar'® showed that in certain cases hydrogen was evolved at 
both electrodes, but he offered no explanation. Only a few papers’ have yet 
been published upon the electrolysis of Grignard reagents but work along 
that line is now being done. It is not possible to say just what happened 
in the cells treated in this paper, except that in some cases magnesium in the 
“tree” form was deposited on the cathode. Most of the deposit fell off the 
plate as soon as the current ceased, but the plate area may have been in- 
creased enough to account for at least a part of the increase in capacitance 
always noted. Luminescence has been observed during electrolysis, sometimes 
on the anode, sometimes on the cathode, sometimes on both plates. 

In the electrolysis, a current of a few milliamperes at 15 volts was passed 
for 15 minutes through the phenylmagnesium bromide cells in the same 
direction as the current they generated. With the lower-resistance ethyl- 
magnesium bromide cells 5 volts was applied for 5 minutes. With the first- 
mentioned type, the process resulted uniformly in decreased resistance, 
increased capacitance, and a light-resistance sensitivity where none had 
existed before. In the presence of light a decrease in resistance took place, 
while in a period of darkness equal to that of the illumination the original 
resistance was recovered. The ethylmagnesium bromide cells all developed 
capacitances 2 to 6 times the former values, but the resistance varied difler- 
ently in different cells. No special change in light-resistance sensitivity was 
observed, except a small diminution in the magnitude. 

Figs. 6 and 7 show results of tests with one cell of each type. Again no 
general relation was found between e.m.f., resistance, and capacitance 
changes under illumination. No resistance or capacitance effects were noted 
under x-ray irradiation. 

In several cases, cells measured with an ordinary d.c. Wheatstone bridge 
showed asymmetrical resistances somewhat like those shown by aluminum 
rectifiers, but the asymmetry was not so pronounced. In one case, the resist- 
ances to currents in opposite directions were 8000 and 16000 ohms respec- 
tively, while in another the figures were 2600 and 19000 ohms, the higher 
resistance being uniformly offered to a current opposite to the “forming” 

1% A. Ollar, Thesis, University of Missouri (1926). 

17 L. W. Gaddum and H. E. French, Jour. Am. Chem. Soc. 49, 1295 (1927). 
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current. The aluminum rectifier stops a current flowing in the same direc- 
tion as the forming current. The cells which showed this characteristic had 
aluminum plates and contained phenylmagnesium bromide. Such differ- 
ences of resistance are not great enough to be of practical use. 

One other interesting point remains to be discussed, but lack of exact 
knowledge of the chemistry of these cells forces rather vague conclusions. 
Films on aluminum in electrolytic condensers have been found to have 
thicknesses ranging from 10~* to 5X10~-* cm and the dielectric constant was 
estimated as 14.5.'§ Assuming a value of 1 for the dielectric constant in the 
present cases, film thicknesses have been computed for two cells which 
showed very large capacitances. An ethylmagnesium bromide cell gave 
over 7 mf per cm’ after “forming”. For k =1, the film thickness was 1.2 X10-* 
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Figs. 6 and 7. Effect of light on e.m.f., resistance and capacitance. 


cm. A phenylmagnesium bromide cell with copper plates showed about the 
same Capacitance per unit area and the thickness figures were 8X 10-8 cm. 
These figures are of the order of interplane distances in crystals, so it is 
possible that the films are single layers of molecules or a few such layers. 
It may be noted that the thickness attributed to the film in phenylmagne- 
sium bromide, a benzene-ring compound, is greater than that found for 
ethylmagnesium bromide, a short-chain compound, as might be expected. 
The very large capacitance per unit area, 7 mf per cm?, is worthy of note. 
If these thickness figures are near the truth, it seems strange that regular 
light-capacitance effects were not found, especially in view of the fact that 
other evidence seems to indicate that the photovoltaic effect is dependent 
upon condition of the electrode surface. 


8H. O. Siegmund, Trans. Am. Elect. Chem. Soc. 53, 203 (1928). 
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The following conclusions may be drawn. 

(a) The conclusions of others as to variations in the e.m.f. of Grignard 
cells with age, with mechanical agitation, and with illumination are corrobo- 
rated. The evidence seems to locate the seat of the phenomena at or near the 
surfaces of the electrodes. 

(b) Several types of cells gave large voltage responses when exposed to 
x-rays and also showed large changes in current through a high-resistance 
circuit during such irradiation. The phenomenon is apparently a different 
one from the photovoltaic effect in the same cells. 

(c) The resistance and polarization capacitance of a number of cells 
have been measured by means of a high-frequency bridge. Cells containing 
phenylmagnesium bromide showed no light-resistance response when freshly 
made, some containing ethylmagnesium bromide and one containing bromo- 
ethylmagnesium bromide did. This has been shown not to be a temperature 
effect. Some cells showed an increase of 1 or 2 percent in resistance when 
illuminated and some a decrease of about the same percentage, but a given 
cell was consistent. These results made a general photoelectric theory un- 
tenable and also indicated that the rather large voltage variations were not 
of the same origin as the resistance changes. The small reversible changes 
in conductivity were laid to alterations in solvation of the ions rather than 
to changes in ionization percentage. Such capacitance changes as were found 
seemed unrelated to other phenomena. 

(d) A “forming” or electrolytic process was carried out with several cells 
containing phenylmagnesium bromide and ethylmagnesium bromide. The 
former then showed a light-resistance sensitivity. After the process, larger 
capacitances were observed in all cases, but no regular light-capacitance 
response. 

Asymmetrical resistances, smaller than those in aluminum rectifiers, 
were found in a few cells. 

Capacitances as high as 7 mf per cm® were found. Assuming a value of 
unity for the dielectric constant of the films, the probable thickness of the 
films was estimated to be of the order of the diameter of a molecule or a 
small multiple of that diameter. The thickness was greater for a benzene- 
ring compound than for the short-chain compounds used. 

No effects on resistance or capacitance due to x-ray irradiation were 
detected. 

In general, the evidence supports the belief that the voltage variations 
with illumination must be attributed to phenomena near enough to the 
electrodes to be affected by changes on their surfaces. The capacitance effects 
were inconclusive as to whether light-induced effects occurred in the films. 

The writer expresses his sincere gratitude to Mr. R. T. Dufford, at whose 
suggestion the investigation was attempted and whose assistance and advice 
have been invaluable in carrying out the work; also to Professor O. M. 
Stewart for suggestions as to the bridge circuit and for the provision of the 
necessary apparatus and materials. 
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ABSTRACT 

The differential equations which apply to slow steady convective motion of a 
viscous fluid are the standard equations of hydrodynamical theory, combined with 
equations expressing the law of thermal interchanges in a moving fluid. Approximate 
solutions are found following the method outlined by Oberbeck (Ann. d. Physik, 
1879, p. 271). A comparative study of the exact solution of a special system of 
non-linear ordinary equations and the Oberbeck approximate solution shows that the 
magnitude of the constants in the system controls the rate of convergence of the 
approximation, and often produces divergence. Solutions with graphs of temperature 
and velocity fields have been computed for special cases of cylindrical and plane 
boundaries with sinusoidal impressed boundary temperatures. If this temperature 
has a vertical gradient only, the Oberbeck method produces a null solution, corre- 
sponding to equilibrium in stratified layers. Arithmetical solutions for common liquids 
at ordinary temperatures show that the Oberbeck solutions diverge unless the gradient 
is much too small to be easily applied in laboratory practice. 


NALYTIC solution of the problems of convection in fluids presents 

extreme dilliculty. No methods have been devised for the exact solution 

of the differential equations, which are non-linear, and must be solved subject 
to complicated boundary conditions. 

Free convection in a fluid consists of the motions produced by gravity 
throughout its volume due to changes in its density caused by variations in 
temperature. This paper presents approximate solutions of certain special 
cases of steady free convection, produced by temperature differences main- 
tained at the fixed boundaries of the fluid. 

If expressions are formed to represent: (1) the flow of momentum; (2) the 
flow of mass; (3) the flow of energy throughout any volume chosen in the 
fluid, and terms of second order are neglected, the resulting equations are 


(d\V'/dt) — agT + (1/p)Vp — »V?V = 0, (1) 
div 1 — ad7T/dt = 0, (2) 
(df /dt) — h*y?T = 0. (3) 


The symbol g denotes a vector of magnitude g, =32.2 ft, sec.” whose direc- 
tion is upward. 

The simplest cases are the flow of a liquid between two infinite parallel 
plane plates (Fig. 1), and between two infinitely long vertical concentric 
circular cylindrical pipes (Fig. 2). In both of these cases, the velocity equa- 
tion reduces to ‘747 =0, and the temperature equation to 


agT + vV*u = 0. (4) 
1008 
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When temperatures +/ are maintained on the plane plates, whose equations 
are y= +a, the solutions are 


agl 

sa — —(y’ — 6*y), (S) 
6av 

T = ty/a. (6) 


For the cylinders whose radii are 1 and e, upon whose boundaries are main- 
tained temperatures respectively of 0 and 0.5, the solutions are (using the 
physical constants of water) 
u = 4.126[r? — 1 — log r(1.849 — 0.6157?) ], (7) 
T = 0.5 logr. (8) 
In both these cases, it is seen that the temperature is exactly what would be 


produced by conduction alone in a rigid body filling the space now occupied 
by the flowing liquid and having the same physical constants. 
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For the solution of other cases, this paper follows the rule for approxima- 
tion of such equations which was developed by Oberbeck.' This method 
reduces the analysis to equations of the type V?f(x, y, s) = F(x, y, 2) subject 
to proper boundary conditions. Oberbeck, in his paper, starts the approxi- 
mate analytic solution of the convection of a liquid between two concentric 
spherical shells, which are maintained at different constant temperatures, 
computing the first velocity terms and the second temperature term. He does 
not consider conditions of convergence of the solution. 

To check Oberbeck’s method of solution, a pair of similar simultaneous 
ordinary differential equations, 


ay dT ' (9) 
re ee Gee on @, 

dx? dx 

d?T dT dv 
— — )— -—- = 0, (10) 
dx* dx dx 


1 Oberbeck, Ann. d. Physik, 1879, S 271. 
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may be solved and the results computed numerically for various values as- 
signed toa and b. The exact solution, subject to boundary values, 7'(0) = —a, 
7(1) =a, ¥(O) = (/) =90, is 


2 Bl l 
v= log co sec B( « -- ). (11) 

b 2 2 

2b l 
f= tan a(s —- ), (12) 

ab 2 


wl e Bis the first positive root of the transcendental equation B tan (B/ 
— ab/2)=0. For aabl-!=0.25, the Oberbeck type of series approxima- 
tic s converge rapidly toward the Maclaurin expansions of the exact 
s© .cion; for aab/-!=1, the convergence is slow; and for aabl-! =5, divergence 
o the series is obtained. Any approximation, therefore, to equations of type 
o Eqs. (1), (2), (3), must depend for their convergence upon the values of 
their physical constants. Since these are restricted in a problem involving 
laboratory experiments, the analytical question of convergence prescribes the 
amount of temperature difference which may be applied. In the numerical 
computation of the following cases, the physical constants of glycerine have 
been chosen. These examples have been set up so that the Z-axis is a line of 
symmetry, and all the equations have but two independent variables. 

Whenever the liquid is assumed to be absolutely incompressible so that 
div V =0, and cartesian coordinates are used, a “current function” W is formed 
such that 

u=dOWV/dvy, v= — OP/dx. (13) 


Eqs. (1), (2), (3), then become 
oT ow or ov 


eyiT = —-— - — (14) 
Ox Oy dy @: x 
ag OT " 
ve =«— —,; (15) 
vy Ox 


subject to V =0W/dn =0, and 7 =7(x, y) at the boundary surfaces. Two such 
cases are studied in detail. 

(A) A half-space above the plane y =0 upon whose surface 7 (x, vy) =/ cos x 
is maintained. The following solutions are obtained: 


agl* 


T = te-*cosx + ——[2 + + e-2¥}(2y? + y) cos 2x — (4y? + 4y + 2)}] (16) 
128h*py 
~~ > i a 2x(4y! + 4y* + 3y2). (17) 
=——y*e*sin x — ——mengy OP gin Zeldy y y* / 
Sy © 24576h?v? 


The temperature and velocity fields are shown in Figs. 3 and 4. The limiting 
temperature approached high up in the space is not zero, but a definite posi- 
tive value, agi?/64h*v, the heat having been carried upward by the convection 
currents and not brought down again as rapidly. 
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(B) The space between two infinite horizontal plane plates whose equa- 
tions are y= +/, upon both of which 7'(x, y) =/ cos xis maintained. When / is 
chosen as 3, and fas 0.5, the principal temperature term is 0.0496 cosh y cos x, 
and 

u = — 10-*sin x|0.28y? sinh y — 1.08y cosh y+0.74 sinh y], (18) 
2 = 10-* cos x[0.28y? cosh y — 1.64y sinh y + 2.38 cosh y}. (19) 
The temperature and velocity fields are shown in Figs. 5 and 6. In both these 
cases the velocity fields show a jet-like streaming above the warm portions of 
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the boundary. This is of the same type as that observed by Nelson? in his 
experiments in convection. The boundary temperatures are different in his 
work, so that only a qualitative check is obtainable here. 

Using polar coordinates, analytic solutions may be computed for im- 
pressed boundary temperatures more readily adaptable to laboratory condi- 
tions. In the following examples the container is assumed to be an infinite 
horizontal circular cylinder, the initial line chosen as the upward radius, the 
vectorial angle running counterclockwise. Eqs. (14) and (15) when trans- 
formed to this system of coordinates are 


n 
OT av oT av 
—--— — —-— = hy"T, (2u) 
Op pode ae Op 
me o7 
vViV + ag sin é—- + cos é@— } = 0, (21) 
Op poe 


? Nelson, Phys. Rev. 23, 94 (1924). 
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where the radial and tangential components of velocity are 

R = dW poe, © = — OV, dp. (22) 
As usual, the boundary conditions prescribe the temperature maintained on 
the surface, and cause the velocity to vanish there. 

(A) The first case discussed in this coordinate system is an impressed 
boundary temperature 7) =/sin@. This may be considered as the temperature 
impressed in a large metal block, across which a linear horizontal temperature 
gradient is constantly maintained. Temperature within the block near the 
boundary has not been measurably changed by the convection within the cyl- 
inder. 

The first approximation to the velocity is a pure rotation, the current 
function being 


v oer 1 — 9°)? (23) 
SS —_ 


the same solution which was found by Love’ in the deformation of a circular 
plate clamped at the circumference under uniform pressure. The temperature 
and velocity fields, approximated to another term, are shown in Figs. 7 and 8. 
This velocity field shows regions of “dead water” which have been observed 
under similar laboratory conditions. 





Fig. 7. Temperature field and Fig. 8. Velocity field. Fig. 9. Temperature field and 
isothermal lines. isothermal lines. 


For this case, a complete solution which does not include an assumption of 
the incompressibility of the liquid shows that the difference between the two 
types of solution consists of terms occurring only after the second approxima- 
tions to temperature and velocity, and that these differences are of relative 
magnitude 107%. The analytic solution in this case is much more tedious. The 
values of the fluid pressure due to the convection current must be found, and 
the added accuracy of the solution occurs only in those terms which are of 
such size as to be entirely outside the range of experimental observation. The 
full solution is then neither a necessary nor an efhcient method of attacking 

ae problem. 

(B) If a pure vertical gradient of any sort is impressed in the boundary 
temperatures, no motion is determined from the analytic solution. This rep- 
resents equilibrium in the liquid, which is stable or unstable if the sign of the 


3 Love, Mathematical Theory of Elasticity, 3d ed., p. 490. 
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upward gradient is positive or negative. The body of liquid stratifies in hori- 
zontal layers. In order to consider an approximate solution,one of two choices 
must be made: (1) assume a form of initial velocity; (2) assume an initial 
temperature which does not have a pure vertical gradient such as 7)= 
(tp cos 0)/a+kf(p, 8), where f(a, #)=0 to satisfy the boundary conditions. 
Either of these choices is so arbitrary that the solutions obtained do not com- 
pare with facts which could be observed. Two choices for f(p, 8) are studied 
here, both of which have radial symmetry. These are (1) f(p, @) = (Rt/a) (a—p) 
and (2) f(p, 8) =(kt/a*) (a*—p*). The temperature and velocity fields are com- 
pared. The two sets are shown in Figs. 9, 10, 11, and 12. In both cases, the 





Fig. 10. Velocity field. Fig. 11. Temperature field Fig. 12. Velocity field. 

and isothermal lines. 
whole problem approaches a null solution as the parameter & is made in- 
finitesimal, so that neither presents a satisfactory approximation to the 
desired result. There is, however, a tendency for the corrections to the tem- 
peratures to equalize and thus become independent of the specific form cho- 
sen for f(p, #). 

Since Eqs. (14) and (15) are non-linear, the sum or difference of two 
solutions is not a new solution. This prevents the use of the usual type of 
uniqueness proof to assume a second solution and show that the difference of 
the two solutions vanishes identically. The essential accuracy of the approxi- 
mations must be checked through experiment. 

In all the particular examples studied, it is, of course, necessary to study 
carefully the question of the convergence of the series obtained: 

T=T)+al,+077,+-:-::-, (24) 

V=a¥,+aVe.+---. (25) 
For a liquid having a low viscosity, like alcohol or water, the sufficient condi- 
tion for convergence requires the amplitude of the impressed temperature not 
to exceed about 10-4 degrees per centimeter of the horizontal cylinder. Such 
values are useless for comparison with any type of experiment. For a much 
more viscous liquid, such as glycerine, the amplitude of the impressed tem- 
perature may be as large as 10~' degrees per centimeter radius. Eve. -iis 
restricts the usefulness of the Oberbeck method to such an extent as to render 
it practically useless as a comparison with laboratory results. The computa- 
tions here show the dependence of the analytic solution upon the physical 
constants of the particular problem. They also determine the small amount of 
error obtained by assuming the absolute incompressibility of the liquid and 
demonstrate the fact that these corrections may be neglected, thus materially 
shortening the computations, which are laborious under the most favorable 
conditions. 
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LETTERS TO THE EDITOR 


Prompt publication of brief reports of important discoveries in physics may 


be secured by addressing them to this department. 


Closing dates for this depart- 


ment are, for the first issue of the month, the twenty-eighth of the preceding month; 


for the second issue, the thirteenth of the month. 


The Board of Editors does not 


hold itself responsible for the opinions expressed by the correspondents. 


*On the Mechanism of ‘‘Atomization”’ 


So far as the writer knows no adequate 
explanation has been offered of the phenome- 
Scheubel! has, 
indeed, given some interesting and instruc- 


non of liquid “atomization.” 


tive spark pictures of the process as it occurs 
in the carburetor throat, but not much direct 
information can be derived from them except 
at fairly low air speeds. The fact, however, 
that the phenomenon can be used with con- 
fidence in the design of many machine ele- 
ments,—that certain results may be expected 
to attend certain conditions,—is tacit declara- 
tion that the process has a definite physical 
background. 

If, given a quantity of liquid which at one 
time exists as a single comparatively large 
mass, and a moment later is observed to be 
in the form of a very great number of very 
small discrete drops, we merely make the 
assumption that there must be an inter- 
mediate stage in which fine ligaments are 
formed, of such diameter that they will 
disintegrate into drops of the observed size, 
we can account for this phenomenon on the 
basis of Rayleigh’s theory of jet disintegration 
and certain recent observations of the size 
of the drops formed when a liquid is atomized. 
This assumption seems reasonable, since time 
and temperature considerations exclude the 
possibility of evaporation and subsequent 
recondensation; it seems necessary, since it 
will appear very improbable that the existence 
of such fine ligaments can ever be directly 
demonstrated; and it is hoped to show that 
it is sufficient. 

Rayleigh? thus explained the disintegration 
of a jet which we shall identify with the liga- 
ment mentioned in the preceding paragraph: 
He considered the jet as an infinitely long 
cylinder of liquid initially in equilibrium 
under the influence of the tension of its 


envelope, and investigated the efficiency of 
various types of disturbance in upsetting this 
equilibrium. He found that 

a=aget (1) 
where @ and ao are amplitudes, at times ¢ 
and 0, respectively, of a disturbance sym- 
metrical with reference to the cylinder axis; 
eis the Napierian base; and 


sr \i , 
a= pD* (2) 


In Eq. (2), T and p represent the liquid’s 
surface tension and density, respectively: 

D is the diameter of the undisturbed fila- 
ment; and F is a (dimensionless) function of 
Z, the ratio length ‘diameter. The denomina- 
tor of this fraction is the same as D above, 
while its numerator is the distance along the 
jet between two adjacent points in the same 
phase of vibration. 

When a@ grows to D 2 the filament breaks. 

The function F has been investigated by 
Rayleigh? and by the present writer. As a 
result it follows that the effective value of F 
may be taken as about 0.34 at Z=4.5. For 
this value of Z it also follows that the diameter 
d of a spherical drop will be about twice D, 
the diameter of the cylindrical segment from 
which the drop is formed. 

Hausser and Strobl‘ and Sauter® found, 


* Publication approved by the Director of 
the Bureau of Standards of the U.S. Depart- 
ment of Commerce. 

1 F. N. Scheubel, Jahrbuch der W. G. L. p. 
140 (1927). 

2 Rayleigh, Proc. Lon. Math. Soc. 10, 4, 
(1879). 

3 Castleman, Nature 114, 857, (1924). 

4 Hausser and Strobl, Zeits. tech. Phys. 5, 
154 (1924). 

5 J. Sauter, Zeits. V.D.1. 72, 1572 (1928). 
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for water atomized in a high speed air stream, 
a mean value of d of about 610-4 cm, while 
Woltjen® found about the same for oil atom- 
ized by “airless” injection into a high pressure 
bomb. Taking 10~ cm as an upper !imit, we 
have 5X10°4 cm for D, so that Eq. (2) gives 
g=740,000 sec.~' for water atomized in a 
high speed air stream. 

Now, it is very diificult, if not impossible, 
to estimate the value of ao precisely. The 
molecular diameter is, however, of the order 
of 10-7 cm‘ so it seems legitimate to place 
about 10-* cm as a lower limit. To cut 
through a ligament 5 X10~* cm in diameter, 
a must grow to )/2=2.5X10-* cm. The 
necessary time is, by Eq. (1), =(1/q) Ina ao= 
(1/M,) logiew ay=1, 73,000 sec. (approx.). 
This would correspond to a motion of about 
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2 millimeters of the air stream in the throat 
of the carburetor of an automobile engine 
turning over at high speed; or of about 1 mm 
of the spray 0.0005 sec. after injection at 
8000 Ibs/in®, into a chamber held at 200 
Ibs /in? (N.A.C.A. Report #268). 

The above gives upper limits of the possible 
lengths of these fine ligaments. Small wonder 
that they have never been observed! 

R. A. CastTLeEMAN, JR. 

Bureau of Standards, 

March 15, 1930. 


® Woltjen, Dissertation, Tech. H.S. at 
Darmstadt (1925) (Data taken from N.A.C.A. 
Tech. Memo. #403, pp. 19-22). 

7 Rayleigh, Phil. Mag. 48, 331 (1899). 


The Atomic Weights of Hydrogen and Helium. 


Eddington (Proc. Roy. Soc. A126, 696, 
1930) has obtained a new theoretical value of 
1/137 for the fine structure constant a. 
This agrees much better with observational 
data than his previous value of 1/136. He 
also reaches the very interesting conclusion 
that in a rigid system of protons and electrons, 
there should be a proportional loss of mass 
equal to a. The most rigid system of this kind 
now known is the alpha-particle, and the 
loss of mass, assuming the alpha-particle 
to be absolutely rigid, agrees more closely 
with the theory than is indicated in Edding- 
ton’s paper. In fact, on this assumption, 
an atomic weight of 1.00777+0.00002 for 
hydrogen (see Birge, Phys. Rev. Suppl. 1, 1, 
1929) leads to 4.00166 as the calculated 
atomic weight of helium. As I have noted 
(footnote 12a, page 21, loc. cit.) the best 
chemical value for this latter quantity is 
now 4.0018. Because of the newly discovered 
isotopes of oxygen, Aston’s mass spectro- 
graph value of 4.0022 should be lowered 
about one part in 10,000 (page 69, loc. cit.) 
and then agrees precisely with the chemical 
value. Hence the observed and calculated 
values of the atomic weight of helium differ 
by only one part in 30,000, and this may be 


taken to indicate that the alpha-particle is 
in fact very nearly “rigid.” 

This correlationofthe fine structure constant 
with the “packing effect” in an alpha-particle 
has already been suggested, on a purelyempiri- 
cal basis, by Lunn (Phys. Rev. 20,1,1922) and 
has been revived by Witmer (Nature 124, 180, 
1929). In this earlier work, the predicted 
decrease in mass was given as a/(1+a), but 
this differs by an entirely negligible amount 
from the present predicted decrease of a. 

If the nucleus of the isotope oxygen “16” 
is a non-rigid system composed of four such 
“rigid” alpha-particles, the mass of this 
nucleus should be four times the mass of an 
alpha-particle, diminished by the mass- 
equivalent of the binding energy of the four 
alpha-particles. The atomic weight of the 
isotope oxygen “16” is 15.9984 (one part in 
10,000 less than 16.0000), and one thus ob- 
tains 0.0082 atomic weight units (or one part 
in 1950 of the total mass) as the mass-equiva- 
lent of the binding energy. This seems to be 
a reasonable value. 

RayMonpD T. BIRGE 

University of California, 

March 25, 1930. 


A New Unified Field Theory and Wave Mechanics 


In your issue of January ist 1930, you 
published a preliminary notice of a paper 
on the above subject by the present writer. 
A few more words of explanation thereof, not 
included in the paper itself seem called for. 


The fundamental postulate is that the un- 
observable is non-existent. This is familiar 
in wave mechanics, but is now applied for the 
first time to relativity. 

Since the metric tensor of sp>ce time is 
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defined logically in terms of an unobservable 
N-dimensional psuedo-Euclidean space, for 
postulate the 
For us the metric 


classical relativity, by our 
definition is impossible. 
tensor becomes a perfectly arbitrary set of 
ten functions of the space-time coordinates, 
The old 
analogy with the intrinsic properties of two- 
dimensional curved surfaces can be dropped 


and surpassed. 


available for descriptive purposes. 


The metric tensor is defined 
only by transfer according to a certain rule 
from an initial point, and its increments are 
not perfect differentials; it depends upon the 
track along which the rule has been applied. 
Such a tensor is sufficient to give definite 
magnitude to the elements of the vector lines 
in the vector field defined by another transfer 
rule applied to a vector. As already pointed 
out these vector lines become the known orbit 
equations when the simplest derivable definite 
tensor function is used to describe the electric 
field. 

This is a distinct improvement on the 
theory of Kaluza and Klein which introduces 
an unknowable fifth dimension directly into 
the equations, apart from the others required 
for the logical definition of the metric. 

It has been found necessary to abandon the 


The Carbon Dioxide 


It was pointed out long ago by Tyndall, 
(Phil. Mag. 22, 277 (1861) ), that changes 
in the carbon dioxide content of the atmos- 
phere might be a controlling factor in the 
cause of ice ages. The suggestion was gen- 
erally accepted for many years but more 
recently writers have denied its importance, 
for example Angstrém, Ann. d. Physik 6. 
172 (1901), Humphreys, (“Physics of the 
Air,” pages 564 and 602 (1929) ), Abbot- 
and Foule, (Smithsonian Institution, Annals 
Astrophys. Obs. 2, 172 (1908) ), Jeffreys. 
(“The Earth,” page 263 (1924) ) and Simpson 
(Nature 124, 988 (1929) ) and “Past Cli- 
mates,” page 9 (1929) ). writers 
have used the single blanket argument, which 
in its simplest form may be stated as follows: 


These 


If all the energy leaving a hot body is ab- 
sorbed by one blanket the cooling rate will 
not be reduced by increasing the number 
of blankets. Since water vapor is practically 
completely absorbant for the radiation in 
the CO, absorption bands, they argued that 
changing the amount of CO. in the atmos- 
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hope that the theory might lead to quantised 
orbits round atomic nuclei; but this is not 
necessary, for there is no longer any inconsis- 
tency with wave mechanics. Thus classical 
electromagnetic theory was based on the con- 
cept of a local singularity with definite 
position and velocity; but no such singularity 
The 


new point of view is this: If local singularities 


is at the basis of the present theory. 


exist, then their tracks can be described by 
means of the vector line theory, but if the 
uncertainty in the position or velocity of such 
singularities becomes significant, the method 
useful, and 
methods appropriate to the case must be 
There is thus no longer any incon- 


will no longer be statistical 
used. 
sistency, it is merely a matter of convenience 
in description. 

We may finally claim to have cleared up 
the apparent between the 
field theory and the atomic theory, and set 
the former on the same satisfactory philosoph- 


inconsistencies 


ical basis as the latter. 
Wittiam Banp 
Yenching University, 
Peping, China, 
February 28, 1930. 


Theory of the Ice Ages 


phere would not affect the climate of the 
earth. 

The argument of course is not correct. 
For example, the temperature 7 
Kelvin of a body warmed by a constant 


degrees 


supply of energy f ergs cm™ sec™ and cooled 
by radiation through an absorbing sheath 
containing » molecules, in a 1 cm* column 
through the sheath, of atomic absorption 
coefficient a for the radiation, is given by 

T*=f(1+an) /ac, (1) 
where a is the absorption coefficient of the 
surface of the body and @ is the Stefan- 
Boltzmann constant. 
that T increases with » for all values of n. 
Calculations for the carbon dioxide and the 
water vapor in the upper atmosphere, using 
(1) and taking into account the shift of the 
spectral distribution curve of the radiation 
as it passes through the atmosphere, etc., 
show that a 70 percent decrease in the carbon 
dioxide will cause a decrease of more than 
6 percent in the radiation entering the lower 
atmosphere, (Terr. Mag. and Atmos. Elec. 


From (1) it is seen 
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33, 253 (1928) ). This decrease alone will of ice fields we would expect a temperature 
account for a temperature drop of about drop such as would be associated with an ice 
6°C at the earth’s surface. When to this 6° age. It is hoped to develop these ideas to 
is added decreases associated with decreased some extent in a future paper. 


humidity, decreased wind action in providing H. B. Marts 
a cooled insulating layer and increased retlec- Naval Research Laboratory, 
tion of sun’s rays accompanying the extension March 31, 1930. 


BOOK REVIEWS 


Magnetism. Epumunp C. STONER. vili+117 pp. 20 figs. E. P. Dutton and Co., New York 
1930. Price: $1.10. 

This little book is one of a series by English physicists which propose to supply the ad- 
vanced student of physics in general with condensed accounts of recent progress in specialized 
branches of his subject. The general preface by O. W. Richardson emphasizes the utility of 
these monographs to those preparing for examinations. The present exemplar is well written 
and is thoroughly up-to-date in all that relates to the theory of magnetism and to the experi- 
mental basis upon which it rests, that is to theory and experiment in diamagnetism, para- 
magnetism and ferromagnetism in high magnetic fields. Ferromagnetism in weak magnetic 
fields-—ineluding the Barkhausen effect-—is not so happily treated. This is no doubt because 
this part of the subject is still, as the author clearly states, almost without a theoretical struc- 
ture to connect its phenomena. Aside from four misprints, a slight mistake regarding the 
magnetostriction of nickel-iron alloys on page 88, and a general tendency to use sub-visible 
subscripts, the reviewer finds nothing in which the author, editor, and publisher have been 
remiss. The practice of omitting the name of each investigator with whose conclusions the 
author disagrees is novel but commendable. 


L. W. McKEEHAN 


Accoustics of Buildings. F. Kk. Watsox. Second Edition, Pp. 165, Figs. 69. John Wiley 
& Sons, New York, 1930. Price $3.00. 

This is a second edition of Professor Watson's book first published in 1923, and is intended 
for that rapidly growing group of persons who have to deal with the practical problems of 
architectural acoustics. For this reason the emphasis throughout is laid upon the application 
of the developments in this field during the last thirty years to the control of acoustic conditions 
rather than upon a detailed account of the underlying principles and theory, 

The first section of the book concerns itself with the problems of Auditorium Acoustics, 
particularly with the calculation and control of reverberation. Numerous illustrations and 
examples of the use of the reverberation formula both in the design of new rooms and in the 
correction of existing rooms are given. The most important addition made in the revision of this 
section of the book is a table of sound absorption coefticients of commercial materials used for 
acoustical correction, and one giving the absorbing power of opera chairs of various types. 
The author's position on the question of optimum reverberation times as a function of the size 
of the auditorium is somewhat equivocal. Thus a graph is given showing what the author con- 
siders the optimum time computed by the well-known Sabine formula increasing linearly 
with the logarithm of the volume from 0.8 to 2.05 seconds as the volume is increased from 1,000 
to 1,000,000 cubic feet. In a subsequent paragraph under the heading “Ideal Auditorium 
Acoustics” appears the statement “The second condition (for ideal acoustics) is that the 
auditorium should be made as dead as out doors for the benefit of the auditors.” The reader 
interested in the acoustical design of a new room is left in doubt as to whether to install ab- 
sorbent material so as to give the “optimum reverberation time,” or to try to approximate 
the “ideal” condition of out of doors where sound reflection is nil. The difference is one of con- 
siderable practical importance. 

There are no important additions to the material given in the earlier edition in the section 
devoted to sound proofing in buildings, although numerous references to recent original work 
on this phase of the subject are added. 
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Considered even as a vehicle for the conveyance of practical information, one feels that 
the author frequently errs on the side of brevity and over simplification, This is particularly 
true in some of the illustrative diagrams. Thus to represent sound of wave-length of the order 
of two feet as being reilected in a parallel beam from a parabolic mirror with an aperture of 
five feet and retlected again geometrically from a plain surface of small dimensions is to neglect 
the complicated standing wave pattern that must result in such a case from interference and 
diffraction, and measurements based on such a simplified picture of the phenomenon must be 


open to serious question, 
Taken as a whole the book is a concise, almost summary, statement of the principal facts 
of architectural acoustics as they were known at the time of the publication of the first edition 


of the book. To include the considerable mass of data that have been accumulated in the last 
five years would call for more rewriting than could be included in a revision of the first edition. 
Pact E. SABINE 


Molekelbau. F. Huxp. Pp. 38, 7 figs. and 3 tables. Part of Band VIII, Ergebnisse der 
exakten Naturwissenschaften, Julius Springer, Berlin, 1929, 

This is a valuable compact summary of the progress made to date (i.e., spring of 1929) 
in the theory of molecular structure from the standpoint of the wave mechanics. The emphasis 
is laid on the qualitative features of the problem and no attempt is made to consider the mathe- 
matical arguments involved. The bibliography is comprehensive. The attention of persons 
interested in this review may also be called to the “Zusammenfassende Bericht” on homopolar 
chemical binding by W. Heitler in the Physikalische Zeitschrift for March, 1930, and to the 
articles on the “Interpretation of Band Spectra” by Mulliken now appearing in Reviews of 
Modern Physics. 

E, C. KEMBLE 





